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Outline of the talk

¢ Quadratic optimal transport problem in dynamical form
¢ Finite volume discretization

< Stability issues

< Convergence results

¢ Interior point strategy
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Quadratic optimal transport problem

T
7 ™

QCRYp",pf e P(Q)

N(p™, p") = {v € P(Q x Q), (m)py = p", (m2) 7 = p'}

o F - =] E DA
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Quadratic optimal transport problem

QCRYp",pf e P(Q)

N(p™, p") = {v € P(Q x Q), (m)py = p", (m2) 7 = p'}

Ws 1 P(Q) x P(Q2) — Ry is a distance

o F - =] E DA
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McCann's displacement interpolation

T
Z /\AV

1 in
[ 3= TeoRdp
Q

Assume p" a.c.

T such that

W) = [ k= TCPdS" = in
Q2 TITypin=pf

v =(1d, T)gp"

m] = = =

s N RS



McCann's displacement interpolation

Assume p™" a.c.
3T such that

in 1 in 1 in
WA ) = [ Sx=TePde = [ 3= TeoRdp
Q Q

inf
TITypin=pf

v =(Id, T)xp"

Interpolation: p; = (T.)xp™ where T, = (1 — t)Id + T

s N S )



Benamou-Brenier dynamical formulation®

1 2
20,0 FY e i [m(t, x))|
WZ (p » P ) T (p,lﬂ)fec‘/o o 2p(t, X) dxdt

where C is the convex subset of (p, m) such that

Op+V-m=0 in[0,1] xQ with p(0,-) = p™
m-n=0 on [0,1] x 99 p(1,) =p"

1Benamou and Brenier, 2000
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Benamou-Brenier dynamical formulation®

1 2
20,0 FY e i [m(t, x))|
WZ(p » P ) T (p,lﬂ)fec‘/o o 2p(t, X) dxdt

where C is the convex subset of (p, m) such that

{&p+Vﬁn:0|MQHXQ with {MQ;:p

m-n=0 on [0,1] x 99 p(1,) =p"
BE ifas0
16> ._ :
Bh=d0  ifa=0,b=0
400 else

Convex optimization problem with linear constraints

Non-smooth

1Benamou and Brenier, 2000
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Benamou-Brenier dynamical formulation

Strong duality ——  infsup optimization problem

Optimality conditions: continuity + HJ equation

0p =V -(pVe)=0 .. |p(0,)= p"
80— 3|Vo[> <0 p(L,) =p

and m= —pV¢, pV¢p-n=0on 90
HJ equation — conservation of momentum = zero acceleration

BB interpolation coincides with McCann's: Eulerian formulation vs Lagrangian
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Objectives

AIM: Solve the quadratic OT problem and compute the related interpolation with the
perspective of physics based applications

< BB formulation:

o Continuum mechanics form

o Easy to generalize: penalization of the density curve, non-convex domains,
anisotropy, obstacles,...

¢ Finite Volumes:

o Preserve the conservative structure

o Handle complex domains

< Interior Point Method: Accuracy and efficiency
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Discretization of [0, 1] x Q

|

N + 1 subintervals of length At = |

1

|

Admissible mesh for TPFA scheme: !

o T set of control volumes K
o X set of edges o

o (xk)keT set of cell centers

Main assumption: xxk —x, L o foroc =K|Le X
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Discrete continuity equation

mi = |K|, ms = |o|

Op+V-m=0 — %mK—I—ZFK?mU_O Vi, K

oEY K
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Discrete continuity equation

mi = |K|, ms = |o|

Op+V-m=0 — %mmLZFK?mU_o Vi, K
oEXK
FiZ+F > f |
+ =0 if o interna ) .
K,o Lo ’ ; .
| S e = X i
Fgo =0, if o external K %
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Discrete kinetic energy

p——_—

PK

Fim |

1 2
[m(t,x))|
A dxdt 7
~/O Q 2p(t,x)

Reconstruction in time
Reconstruction in space

Compensation of one directional discretization of m
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Time average

|m(t N+1 l|2
d dt ~ At
/o o 20(t, x) e Py

ji—1

i=1 Q2p2

i—1

2 e i—1 i—1

""ifll finite = m'"2 =p'"2v it
p T2
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Time average

1

Fi~z

|m(t N+1 l|2
dxdt~ At
/o o 2p(t, X) ,21: Q 2p’_%
\mi7%|2 fini i—1 i—1
——T1 finite = m 2 =p 2v
o2
_ i1,
Ifeg p72=p""
o — o1 ] |
~tVer =i =0, Vi Ll
1 in P
p—=p in 1-1
LA vV - 2 =0
At + pv

7 a (finite) solution if supp(p") Z supp(p™)
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Time average

/ Im(t,x)I" dxdt~N§At/ m A
o Ja 2p(t,x) QZ(M)

i-10 . .
% finite => m'~z = p" 2y it
p
I \
. I 7
Ifeg. p=2 =p1
p—p " S | |
\Y v z2=0, Vi I I
ac V7 7 i1 i
1 in P I
pt—p n 11
PP gt =g
NI

7 a (finite) solution if supp(p") Z supp(p™)
Arithmetic average: p' 2 = %

Harmonic, logarithmic or geometric averages are NOT suited
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Space average

,_l
/ Im(t, x))|7 ddt~N§+:1AtZ G220
o Ja 2p(t,x T R, (2T

Averages of neighboring cell values
Ro(p) = f(pk, pr)

Component-wise convex, positive

|
|
I L
Examples: weighted arithmetic and harmonic [ 'R\\(p) :
averages LN
PK « - ' |
Ro(p) = Ak,opk + ALopL h - J“
PKPL .
Ro(p)=1— "

ALopPK + Ak,opL
Vo, ko +ALe =1
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Counterexample?

A, eRy, re(0,1)

I [
A, rA,

()‘K,Uv)‘L,a) = (%:

~

1
2

Gabriele Todeschi

LGladbach, Kopfer, Maas, Scaling limits of discrete optimal transport, 2020
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Counterexample?

A, eRy, re(0,1)

A, rA,

()‘K,Uv)‘L,a) = (%7 %

~

t=0 t=05 t=1

The discrete solution converges to something cheaper!

LGladbach, Kopfer, Maas, Scaling limits of discrete optimal transport, 2020
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Counterexample?

A, eRy, re(0,1)

Gabriele Todeschi

LGladbach, Kopfer, Maas, Scaling limits of discrete optimal transport, 2020
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Counterexample?

A, eRy, re(0,1)

LGladbach, Kopfer, Maas, Scaling limits of discrete optimal transport, 2020
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Necessary condition

If cell centers are circumcenters:

dK o dL o

A 0'7)\ o) = —, =) v
(Akio ALe) = ( 4 d, ), Vo
= asymptotic anisotropy guaranteed with n =0

O
Journées MAGA
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Flux compensation

N+1 ; 2

|m(tx
dxdtN At mydy
/0 B > zmw ;

oEL

1 .
(F2y m m = o ?

m is approximated along only one direction
We need to compensate for the other d — 1

We increase the measure by d times:

dmAa = mgdg
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Discrete kinetic energy

N+1
PIEL B (F,Q)?l meds  if plc 20
BN 'T(p7 F) = UGZ +p )
+ 00 else

Convex and lower semi-continuous

Gabriele Todeschi Journées MAGA 03/02/2022 17 /32



Discrete optimal transport problem

p™, p" € RT with the same mass, P P mKk = P pfmk

Discrete optimal transport problem:

inf B ,F
(p,F)eCN, T n(p, F)

Cwn,7: (p, F) satisfying the discrete continuity equation with p° = p™, p" ™ = p*
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Discrete optimal transport problem

p™, p" € RT with the same mass, P P mKk = P pfmk

Discrete optimal transport problem:

inf B ,F
(p,F)eCN, T n(p, F)

Cwn,7: (p, F) satisfying the discrete continuity equation with p° = p™, p" ™ = p*

Well-posed convex optimization problem
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Discrete optimal transport problem

p™, p" € RT with the same mass, P P mKk = P pfmk

Discrete optimal transport problem:

Wi (p", p )= inf B F
v, (P p") L n,7(p, F)
Cwn,7: (p, F) satisfying the discrete continuity equation with p° = p™, p" ™ = p*

Well-posed convex optimization problem

Gabriele Todeschi Journées MAGA 03/02/2022 18 /32



Discrete optimal transport problem

p™, p" € RT with the same mass, P P mKk = P pfmk

Discrete optimal transport problem:

W2 in f — inf F
N,T(p 7p) (p’F;ch’TBN,T(pa )

Cwn,7: (p, F) satisfying the discrete continuity equation with p° = p™, p" ™ = p*

Well-posed convex optimization problem

Strong duality = saddle point in p, ¢ € [R7]V x [RT]¥*! with

Fi~% — _Rs (Pi +2P"71) ® quSF%
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Discrete optimal transport problem

p™, p" € RT with the same mass, P P mKk = P pfmk

Discrete optimal transport problem:

W2 in f — inf F
N,T(p 7p) (p’F;ch’TBN,T(pa )

Cwn,7: (p, F) satisfying the discrete continuity equation with p° = p™, p" ™ = p*

Well-posed convex optimization problem

Strong duality = saddle point in p, ¢ € [R7]V x [RT]¥*! with

Fi~% — _Rs (Pi +2P"71) ® quSF%

Non-smooth, d + 1 dimensional, positivity constraint
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Oscillations
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Oscillations

Linear average

Infsup type instabilities on the density

=) 5 = = = v
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Oscillations

Linear average

Infsup type instabilities on the density

OT does not provide any regularity to the interpolating density
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Oscillations

Linear average

Infsup type instabilities on the density

OT does not provide any regularity to the interpolating density

However, L” norms are convex along the interpolation:

7 f
llpel |2 < (L= Olp" 12> + tllo" |17
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Oscillations

Linear average

Do not depend on the time refinement

s NN 00330038



Oscillations

Harmonic average

Do not depend on the time refinement

Depend on the reconstruction chosen

=] = = E E ¥ .
03/02/2022 2032
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Oscillations

Linear average

Do not depend on the time refinement
Depend on the reconstruction chosen

The grid influences the oscillations, they disappear on cartesian grids
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Oscillations

Do not depend on the time refinement

Linear average

Depend on the reconstruction chosen
The grid influences the oscillations, they disappear on cartesian grids

More severe/persistent with mass compression and tend to disappear on pure
translations
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Oscillations

Do not depend on the time refinement

Linear average

Depend on the reconstruction chosen
The grid influences the oscillations, they disappear on cartesian grids

More severe/persistent with mass compression and tend to disappear on pure
translations

Not limited to the FV discretization®

1 A.Natale, G. Todeschi, A mixed finite element discretization of optimal transport, 2021
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Nested discretization

We enrich the space of discrete potentials to overcome the problem

Two nested discretizations of Q
Bn,7 and the continuity equation are defined on the finer grid

The density is discretized on the coarser grid and injected in the finer space
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Enriched scheme

Linear average
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Enriched scheme

Linear average

The oscillations are softened

Computationally the scheme is more expensive (but the perfomance of the discrete
solver improves)

03/02/2022  22/32
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Convergence results

Non enriched case [Lavenant,2021]:

(p, F) 2% (p,m) weakly and W3 7(p", p") 2% WE(p", o)
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Convergence results

Non enriched case [Lavenant,2021]:

(p’ F) At,h—0

—

At,h—0

S

(p, m) weakly and W/%/,T(pi"7pf)

W3 (p", p")

O
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Convergence results

Non enriched case [Lavenant,2021]:

(p’ F) At,h—0

—

At,h—0

S

(p, m) weakly and W/\zl,T(ph"pf)

W3 (p", p")

o Obtained constructing competitors in the discrete problem
o Holds in both the enriched and non-enriched case

O
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Convergence tests: translation

W, error L' error on P
10 10°
102
10° 107
10% —S-lin ~5-lin
—/—harm —/—harm
——lin, enriched —E—lin, enriched
—/—harm, enriched \V4 —/—harm, enriched
— — order 1 [ — — order 1
5 -2
10 10
102 10" 102 10"

Exact solution:
2
e (e (35 ) e (35 5 )

d)(t?va) = %X+ %yi %t
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Convergence tests: compression

W, error L' error on p
O— 7 ﬁ
2 s
10 o7/
L 27
Y
7
107 4
V
-
10°
—E-lin o, N —E-lin
o —/—harm e —/—harm
——lin, enriched - ——lin, enriched
10 —/—harm, enriched M —/—harm, enriched
<7 — — order 1 — — order 1
= 1072
102 10" 102 10"

Exact solution:
p(t,X,y) = ﬁ (1 -+ cos ( W( — %)))l‘x_%‘gt(c—l)Jrl

2
#(t, X}O—%ﬁ(’“%)
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Solution of the optimization problem

Usually solved using primal-dual /proximal splitting optimization techniques!23*

Projection onto the parabola by rewriting the kinetic energy as
LI a>0
Im(t, %) S
2 = sup  ap(t,x)+b-m(t,x) =<0 ifa=0,b=0

2p(t,x
Plt:x) a+#§o +oo else

'Benamou, Brenier, 2000
zPapadakis, Peyré, Oudet, 2014
3Benamou, Carlier, 2015
“Natale, Todeschi, 2021
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Solution of the optimization problem

Usually solved using primal-dual /proximal splitting optimization techniques!23*

Projection onto the parabola by rewriting the kinetic energy as

|b]?

im(t )P A
S TSP ap(t,x)+b-m(t,x) =40 ifa=0,b=0
p(t;x) a+ 182 <o
2 S 400 else

o NOT flexible to adapt to the discretization
o Efficient only as long as cartesian grids are used and low accuracy is required

o Suffer the lack of smoothness of the problem

'Benamou, Brenier, 2000
ZPapadakis, Peyré, Oudet, 2014
3Benamou, Carlier, 2015
“Natale, Todeschi, 2021
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Interior point strategy

Perturb the problem with a barrier function: p € Ry

inf By, 7(p, F)—p Z At Z log(pk ) mk

,F)eC
(p.F)ECN, T ; Ker

The minimizer is strictly positive and the problem smooth
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Interior point strategy

Perturb the problem with a barrier function: p € Ry

The minimizer is strictly positive and the problem smooth

The smaller p, the more difficult is the problem

O
Journées MAGA

APRN G4
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Newton method

Continuation method: solve a sequence of perturbed problems with p — 0

Optimize from the interior of the domain
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Newton method

Continuation method: solve a sequence of perturbed problems with p — 0
Optimize from the interior of the domain

Optimality conditions: unperturbed problem

i i1 i i1

% — divT(Rz(%

A
At

) ® Vi¢*) =0,

1 i 1 i i
_ ZRT(v2¢k)2 _ ZR?I(Vz(ﬁ +1)2 S 0
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Newton method

Continuation method: solve a sequence of perturbed problems with p — 0
Optimize from the interior of the domain

Optimality conditions: unperturbed problem
L i
rP-r__ leT(Rz(i)GV ¢*) =

R (Vs ) — '“(v S
p"zo,s"zo.,p ©s' =0,
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Newton method

Continuation method: solve a sequence of perturbed problems with p — 0
Optimize from the interior of the domain

Optimality conditions: perturbed problem
L i
rP-r__ leT(Rz(i) O Vi¢h) =

R (Vs ) — '“(v S
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Newton method

Continuation method: solve a sequence of perturbed problems with p — 0
Optimize from the interior of the domain

Optimality conditions: perturbed problem
i i 1
PP leT(Rz(M) ® Vs ¢ )=

R (Vs ) — '“(v A

pos =np,
Use a Newton scheme

The smoothness of the problem favors a good behavior
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Algorithm

Algorithm: Interior point method

Given the starting point (¢, py, So) and the parameters po > 0,6 € (0,1),e0 > 0 ;
while dy > ¢ do

p="0u;
while §,, > ¢, do
compute Newton direction d;
compute a € (0, 1] such that p + ad, > 0 and s + ads > 0;
update: (¢, p,s) = (¢, p,s) + a(dy,dp, ds) ;
if n > nmax or @ < amin then

‘ increase u and repeat from previous iteration;
end

end

end
!
!

0 decrease ratio for u;
0o and g9 error and tolerance on the real solution;

! 0, and £, error and tolerance on the perturbed solution;
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Solution of linear systems

The complexity lies in the computation of linear systems

d“ = —J"/f*
v [A BT
=[5 %]

A=03,L,B=94,L,C=0,L
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Solution of linear systems

The complexity lies in the computation of linear systems

d“ = —J"/f*
v [A BT
=[5 %]

A=03,L,B=94,L,C=0,L

A becomes singular for p — 0 if p* — 0
C explodes for p — 0 if p* — 0
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Solution of linear systems

The complexity lies in the computation of linear systems
d“ = —J"/f*
v [A BT
s[5 %
A=03,L,B=94,L,C=0,L

A becomes singular for p — 0 if p* — 0

. — J becomes ill-conditioned
C explodes for u — 0 if p* — 0

Preconditioned iterative methods can deal with ill-conditioning
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Solution of linear systems

The complexity lies in the computation of linear systems

d“ = —J"/f*

v [A BT
s[5

A=03,L,B=94,L,C=0,L

A becomes singular for p — 0 if p* — 0

. — J becomes ill-conditioned
C explodes for u — 0 if p* — 0

Preconditioned iterative methods can deal with ill-conditioning

Difficulty to find good preconditioner due to interplay of time and space discretization®

1Ongc)ing work with Enrico Facca, Inria Lille
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Perspectives

OT can be accurately and efficiently computed using FV and IP

Perspectives:
o Better understanding of the instability issues
o Improve the solution of linear systems

o Construct more general finite volume schemes able to deal with anisotropy and
less regular grids
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Thank you for your attention!
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