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Shape optimization and industrial applications

• The increase in the cost of raw materials urges to op-
timize the shape of mechanical parts from the early
stages of design.

• The numerical resolution of shape optimization prob-
lems is plagued by a major difficulty:

- The evaluations of the objective and its deriva-
tive involve mechanical computations, using the
Finite Element method on a mesh of the shape.

- The shape is (dramatically!) modified in the
course of the iterative optimization process

⇒ Need to update this computational mesh.

• This difficulty arises in many inverse problems: shape
detection or reconstruction, image segmentation, etc.
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A model problem in linear elasticity

A shape is a bounded domain Ω ⊂ Rd , which is

• fixed on a part ΓD of its boundary,
• submitted to surface loads g , applied on ΓN ⊂
∂Ω, ΓD ∩ ΓN = ∅.

The displacement vector field uΩ : Ω → Rd is gov-
erned by the linear elasticity system:

−div(Ae(uΩ)) = 0 in Ω
uΩ = 0 on ΓD

Ae(uΩ)n = g on ΓN

Ae(uΩ)n = 0 on Γ

,

where e(u) = 1
2 (∇uT + ∇u) is the strain tensor,

and A is the Hooke’s law of the material:

∀e ∈ Sd(R), Ae = 2µe + λtr(e)I .

�D
�N

•

g

A “Cantilever”

The deformed cantilever
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A model problem in linear elasticity

Goal: Starting from an initial structure Ω0, find a new one Ω that minimizes a
certain functional of the domain J(Ω).

Examples:

• The work of the external loads g or compliance C(Ω) of domain Ω:

C(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ)dx =

∫
ΓN

g .uΩ ds

• A least-square error between uΩ and a target displacement u0 ∈ H1(Ω)d

(useful when designing micro-mechanisms):

D(Ω) =

(∫
Ω

k(x)|uΩ − u0|αdx
) 1
α

,

where α is a fixed parameter, and k(x) is a weight factor.

A volume constraint may be enforced with a fixed penalty parameter `:

Minimize J(Ω) := C(Ω) + `Vol(Ω), or D(Ω) + `Vol(Ω).
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Differentiation with respect to the domain: Hadamard’s method (I)

Hadamard’s boundary variation method
features variations of a reference, Lipschitz
domain Ω of the form:

Ωθ := (Id + θ)(Ω),

for “small” θ ∈W 1,∞ (Rd ,Rd
)
.

⌦

⌦✓

✓

Lemma 1.

For all θ ∈W 1,∞ (Rd ,Rd
)
with norm ||θ||W 1,∞(Rd ,Rd) < 1, (Id + θ) is a Lipschitz

diffeomorphism of Rd , with Lipschitz inverse.
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Differentiation with respect to the domain: Hadamard’s method (II)

Definition 1.
Let Ω ⊂ Rd be a smooth domain. A (scalar) function Ω 7→ F (Ω) is shape
differentiable at Ω if the mapping

W 1,∞(Rd ,Rd) 3 θ 7→ F (Ωθ)

is Fréchet-differentiable at 0, i.e. the following expansion holds in the vicinity of 0:

F (Ωθ) = F (Ω) + F ′(Ω)(θ) + o
(
||θ||W 1,∞(Rd ,Rd )

)
.

The bounded operator θ 7→ F ′(Ω)(θ) is the shape derivative of J(Ω) at Ω.
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Differentiation with respect to the domain: Hadamard’s method (III)

• Techniques from optimal control allow to compute shape derivatives; in the case of
“many” functionals J(Ω), the latter has the structure:

J ′(Ω)(θ) =

∫
Γ

vΩ θ · n ds,

where vΩ is a scalar field depending on uΩ, and possibly on an adjoint state pΩ.

• The derivative J ′(Ω)(θ) yields a natural descent direction for J(Ω): for instance,
defining θ as

θ = −vΩn

yields, for t > 0 sufficiently small (to be found numerically):

J(Ωtθ) = J(Ω)− t

∫
Γ

v2
Ω ds + o(t) < J(Ω)

Example: If J(Ω) = C(Ω) =
∫

ΓN
g · uΩ ds is the compliance, vΩ = −Ae(uΩ) : e(uΩ).
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The generic numerical algorithm

Gradient algorithm: For n = 0, ... convergence,
¶ Compute the solution uΩn (and pΩn ) of the elasticity system on Ωn.

· From the shape derivative J ′(Ωn), infer a descent direction θn for J(Ω).

¸ Advect the shape Ωn according to θn, so as to get Ωn+1 := (Id + θn)(Ωn).

Problem: This strategy relies on two conflicting needs:

• An efficient advection of the shape Ωn → Ωn+1 at each step;

• A high-quality mesh of each shape Ωn, for finite element computations.

Pushing nodes according to the velocity field may result in an invalid configuration.
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The generic numerical algorithm (II)

Pushing the vertices of the mesh of Ωn along θn inevitably makes it ill-shaped, or worse, overlapping.
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A short detour by the Level Set Method

A paradigm: [OSe] the motion of an evolving domain is best described in an implicit
way.

One domain Ω ⊂ Rd is equivalently defined by a function φ : Rd → R such that:

φ(x) < 0 if x ∈ Ω ; φ(x) = 0 if x ∈ ∂Ω ; φ(x) > 0 if x ∈ cΩ

A bounded domain Ω ⊂ R2 (left); graph of an associated level set function (right).
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Surface evolution equations in the level set framework

• Let Ω(t) ⊂ Rd be a domain moving according
to a velocity field v(t, x) ∈ Rd .

• Let φ(t, x) be a level set function for Ω(t).

• The motion of Ω(t) translates in terms of φ as
the level set advection equation:

∂φ

∂t
(t, x) + v(t, x).∇φ(t, x) = 0

• If v(t, x) is normal to the boundary ∂Ω(t), i.e.:

v(t, x) := V (t, x)
∇φ(t, x)

| ∇φ(t, x)| ,

this rewrites as a Hamilton-Jacobi equation:

∂φ

∂t
(t, x) + V (t, x)|∇φ(t, x)| = 0

�(t + dt) = [�(t + dt, .) < 0]

v(t, x)

•

x
•

�(t) = [�(t, .) < 0]

•

•
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The level set method of Allaire-Jouve-Toader [AlJouToa]

• The shapes Ωn are embedded in a working
domain D equipped with a fixed mesh.

• The successive shapes Ωn are accounted for
in the level set framework, i.e. via a function
φn : D → R which implicitly defines them.

• At each step n, the exact linear elasticity system
on Ωn is approximated by the Ersatz material
approach: the void D \ Ωn is filled with a very
‘soft’ material, which leads to an approximate
system posed on D.

• This approach is very versatile and does not re-
quire a mesh of the shapes at each iteration.

74 G. ALLAIRE, F. de GOURNAY, F. JOUVE, A.-M. TOADER

Figure 8. Optimal mast in 2-d: boundary conditions and iterations 6, 11, 16,
21 and 100

of a stiff material and excluded from optimization. In the formula for J2, the
localization coefficient k(x) is non-zero (equal to 1) only at the boundary and the
target displacement u0 is (0, 1) on the top boundary, (0, −1) on the bottom one
and (0, 0) on the lateral ones. The Lagrange multiplier is ! = 0. Starting from a
full domain initialization we perform 500 iterations with the coupling parameter
ntop = 15 (see Fig. 9). As usual, the convergence is slower than for compliance
minimization (see Fig. 10). Furthermore, the computed optimal design is very
sensitive to all parameters of the algorithm including the stiffness ratio between
the weak ersatz material and the true material (which is here equal to 10−2),
the coupling parameter ntop, and the initialization. Different choices of these
parameters lead to different topologies with similar performances.

Our second example is a gripping mechanism. Fig. 11 shows the boundary
conditions and the target displacement. A small force, parallel to the target
displacement in the opposite direction, is also applied on the jaws of the me-

Shape accounted for with a level set
description
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The proposed method for handling mesh evolution

The mesh T n of D is unstructured and changes at each iteration n, so that Ωn is
explicitly discretized in T n.

• Finite element analyses are conducted on Ωn by “for-
getting” the part of T n for the void D \ Ωn.

• The advection Ωn → Ωn+1 is carried out on the whole
mesh T n, using a level set description φn of Ωn.

(T n,Ωn) (T n+1,Ωn+1)

(T n,φn) (T n,φn+1)

Generation of a
level set function on

an unstructured mesh

Explicit discretization of
an implicit domain in

the ambient mesh

�
∂φ
∂t + θn · ∇φ = 0
φ(t = 0, .) = φn.

Computation of

?
a descent direction θn

Resolution of the advection
equation on (0, τn) × D : Shape Ω equipped with a mesh, conformingly

embedded in a mesh of the box D.
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Isosurface discretization (II)

The level set function φ for Ω ⊂ D is often chosen as the signed distance function.

Definition 2.
The signed distance function dΩ : Rd → R to a bounded domain Ω ⊂ Rd is given by:

dΩ(x) =

 −d(x , ∂Ω) if x ∈ Ω,
0 if x ∈ ∂Ω,

d(x , ∂Ω) otherwise,

where d(x , ∂Ω) := min
p∈∂Ω

|x − p| is the usual Euclidean distance from x to ∂Ω.

••
0 1

••
0 1

Two level set functions for the domain Ω = (0, 1) ⊂ R.
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Isosurface discretization (III)

• Efficient algorithms exist to calculate dΩ, such as the Fast Marching algorithm
[SethianFMM], the Fast Sweeping algorithm [Zhao], etc.

• A free, open-source implementation: mshdist [DaFre].

https://github.com/ISCDtoolbox/Mshdist
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A 3d example.

(a) (b) (c) (d) (e)

Isosurfaces of the signed distance function to the ’Aphrodite’ (a): (b): isosurface
−0.01, (c): isosurface 0, (d): isosurface 0.02, (e): isosurface 0.05.
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Meshing the negative subdomain of a level set function

Discretizing explicitely the 0 level set of a function φ : D → R defined at the vertices
of a simplicial mesh T of a computational box D is fairly easy, using patterns.

(Left) 0 level set of a scalar function defined over a mesh; (right) explicit discretization in the mesh.

However, doing so is bound to produce a very low-quality mesh, on which finite
element computations will prove slow, inaccurate, not to say impossible.

⇒ Need to improve the quality of a mesh, while retaining its geometric features.
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Local remeshing in 3d

• Let T be an initial - valid, yet potentially ill-shaped - tetrahedral mesh. T carries a
surface mesh ST , whose triangles are faces of tetrahedra of T .

• T is intended as an approximation of an ideal domain Ω ⊂ R3, and ST as an
approximation of its boundary ∂Ω.

Poor geometric approximation (left) of a domain with smooth boundary (right)

Thanks to local mesh operations, we aim at getting a new, well-shaped mesh T̃ ,
whose corresponding surface mesh ST̃ is a good approximation of ∂Ω.

25 / 58



Local remeshing in 3d : definition of an ideal domain

• In realistic cases, the “ideal” domain Ω of T is unknown.

• However, from the knowledge of T (and ST ), one can reconstruct geometric
features of Ω or ∂Ω: normal vectors at regular points of ∂Ω,...

• These features allow for a local parametrization of ∂Ω around each surface triangle
T ∈ ST , e.g. as a Bézier surface.
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<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>• <latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•

<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•
<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•

<latexit sha1_base64="bm6sy5WwPLAo3jPhGg6klSObY+U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOcs91ZoNqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoePJQ==</latexit>

b210

<latexit sha1_base64="I+7wOwlktnoWdbA4B/7wYesyRzo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOctdzZoNqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoaPJQ==</latexit>

b120
<latexit sha1_base64="k0x8rnwlU1a7M8ipwpdPns5hYxs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOcs9xZ4NqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoaPJQ==</latexit>

b201

<latexit sha1_base64="ID3RRLJQe9oE0NlnX0N88+CU54k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOctfxZoNqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoSPJQ==</latexit>

b102

<latexit sha1_base64="Pk17oWUQ6PyLBuZyQ/igrG/JnK0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgadkNq+YY8OIxgnlAsoTZyWwyZHZ2mJkVwpKP8OJBEa9+jzf/xskL1FjQUFR1090VSc608bwvp7CxubW9U9wt7e0fHB6Vj09aOs0UoU2S8lR1IqwpZ4I2DTOcdqSiOIk4bUfj25nffqRKs1Q8mImkYYKHgsWMYGOldtTPfd+f9ssVz/XmQJ5bDWrVqxryV8qKVGCJRr/82RukJEuoMIRjrbu+J02YY2UY4XRa6mWaSkzGeEi7lgqcUB3m83On6MIqAxSnypYwaK7+nMhxovUkiWxngs1I//Vm4n9eNzNxLcyZkJmhgiwWxRlHJkWz39GAKUoMn1iCiWL2VkRGWGFibEIlG8Lay+ukVXX9aze4Dyr1YBlHEc7gHC7Bhxuowx00oAkExvAEL/DqSOfZeXPeF60FZzlzCr/gfHwDuoWPJQ==</latexit>

b111
<latexit sha1_base64="kvgD1+N7mK9AsE8+VBTX3EFtqgQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOcsf1ZoNqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoOPJQ==</latexit>

b012

<latexit sha1_base64="nxcpjx/KPmH49YH4ep2CYhEvhRo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOcsdzZ4NqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoSPJQ==</latexit>

b021

<latexit sha1_base64="KPGvQn3spMOlme1VbNsCFAhF3kA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeCF48V+gVpKJvNpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAU34LrfTmljc2t7p7xb2ds/ODyqHp90jco0ZR2qhNL9kBgmuGQd4CBYP9WMJKFgvXByN/d7j0wbrmQbpikLEjKSPOaUgJX8wROP2JhA3p4NqzW37i6A14lXkBoq0BpWvwaRolnCJFBBjPE9N4UgJxo4FWxWGWSGpYROyIj5lkqSMBPki5Nn+MIqEY6VtiUBL9TfEzlJjJkmoe1MCIzNqjcX//P8DOLbIOcyzYBJulwUZwKDwvP/ccQ1oyCmlhCqub0V0zHRhIJNqWJD8FZfXifdq7p3XW88NGrNRhFHGZ2hc3SJPHSDmugetVAHUaTQM3pFbw44L86787FsLTnFzCn6A+fzB55ekXE=</latexit> bT

<latexit sha1_base64="4yKUHOfEQ8PHDiFiMe+2Y1PMxcQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGFfkEbymY7adduNmF3I5TQX+DFgyJe/Une/Ddu2xy09cHA470ZZuYFieDauO63s7G5tb2zW9gr7h8cHh2XTk7bOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY9k00wT9iI4kDzmjxkqN5qBUdivuAmSdeDkpQ476oPTVH8YsjVAaJqjWPc9NjJ9RZTgTOCv2U40JZRM6wp6lkkao/Wxx6IxcWmVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE975GZdJalCy5aIwFcTEZP41GXKFzIipJZQpbm8lbEwVZcZmU7QheKsvr5P2dcW7qVQb1XKtmsdRgHO4gCvw4BZq8AB1aAEDhGd4hTfn0Xlx3p2PZeuGk8+cwR84nz+uYYzT</latexit>

T

<latexit sha1_base64="x96GdYUqNfghTRHn9RI8nOOMcVY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMS1GPAi8cEzQLJEHo6NUmbnp6hu0cIQ77AiwdFvPpJ3vwbO4sQtwcFj/eqqKoXJIJr47ofTm5ldW19I79Z2Nre2d0r7h80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mvqte1Sax/LWjBP0IzqQPOSMGivVb3rFkld2ZyDuL/JllWCBWq/43u3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFilT8JY2ZKGzNTliYxGWo+jwHZG1Az1T28q/uV1UhNe+hmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlNYDuF/0jwre+flSr1SqlYWceThCI7hFDy4gCpcQw0awADhAZ7g2blzHp0X53XemnMWM4fwDc7bJ65djNM=</latexit>

S

<latexit sha1_base64="CxthKak9Za1kdLQdPGPzJqFHUIc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhsw9meoWw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nd3G8/oTYyjh5pmqAf8lEkh1JwslK7F6RKIfXLFbfqLsDWiZeTCuRo9MtfvUEs0hAjEoob0/XchPyMa5JC4azUSw0mXEz4CLuWRjxE42eLc2fswioDNoy1rYjYQv09kfHQmGkY2M6Q09isenPxP6+b0vDWz2SUpISRWC4apopRzOa/s4HUKEhNLeFCS3srE2OuuSCbUMmG4K2+vE5aV1Xvulp7qFXqtTyOIpzBOVyCBzdQh3toQBMETOAZXuHNSZwX5935WLYWnHzmFP7A+fwBdsmPnw==</latexit>•

<latexit sha1_base64="CxthKak9Za1kdLQdPGPzJqFHUIc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhsw9meoWw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nd3G8/oTYyjh5pmqAf8lEkh1JwslK7F6RKIfXLFbfqLsDWiZeTCuRo9MtfvUEs0hAjEoob0/XchPyMa5JC4azUSw0mXEz4CLuWRjxE42eLc2fswioDNoy1rYjYQv09kfHQmGkY2M6Q09isenPxP6+b0vDWz2SUpISRWC4apopRzOa/s4HUKEhNLeFCS3srE2OuuSCbUMmG4K2+vE5aV1Xvulp7qFXqtTyOIpzBOVyCBzdQh3toQBMETOAZXuHNSZwX5935WLYWnHzmFP7A+fwBdsmPnw==</latexit>• <latexit sha1_base64="CxthKak9Za1kdLQdPGPzJqFHUIc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhsw9meoWw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nd3G8/oTYyjh5pmqAf8lEkh1JwslK7F6RKIfXLFbfqLsDWiZeTCuRo9MtfvUEs0hAjEoob0/XchPyMa5JC4azUSw0mXEz4CLuWRjxE42eLc2fswioDNoy1rYjYQv09kfHQmGkY2M6Q09isenPxP6+b0vDWz2SUpISRWC4apopRzOa/s4HUKEhNLeFCS3srE2OuuSCbUMmG4K2+vE5aV1Xvulp7qFXqtTyOIpzBOVyCBzdQh3toQBMETOAZXuHNSZwX5935WLYWnHzmFP7A+fwBdsmPnw==</latexit>•
<latexit sha1_base64="JOIkVDZmV226D0VKuxUabpYpxF0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJIUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW9dC96pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaV5Vvetq7aFWrtfyOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABN3jYQ=</latexit>

(0, 0)
<latexit sha1_base64="pPzaH3Ug1IXQQ8rbPECGeg4vGFI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJIUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW99C56pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaV5Vvetq7aFWrtfyOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABT8jYU=</latexit>

(0, 1)

<latexit sha1_base64="DoGEGeMVtkWwI7ox1H2sL4fHqF8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJIUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW7dC96pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaV5Vvetq7aFWrtfyOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABT+jYU=</latexit>

(1, 0)

<latexit sha1_base64="m8g1HTUPN3CUgs31VW3WzcEQfMk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0bCTwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSvqoG9WrtvlZp1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHmxePHg==</latexit>�

Generation of a cubic Bézier parametrization for the piece of ∂Ω associated to triangle T , from the
approximated geometrical features (normal vectors at nodes).
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Local remeshing in 3d : remeshing strategy

• Four local remeshing operators are intertwined, to iteratively increase the quality
of the mesh T : edge split, edge collapse, edge swap, and vertex relocation.

• Each one of them exists under two different forms, depending on whether it is
applied to a surface configuration, or an internal one.

• A size map h is defined, to reach a good mesh sampling. It generally depends on
the principal curvatures κ1, κ2 of ∂Ω, but may also be user-defined (e.g. in a
context of mesh adaptation).
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Local mesh operators: edge splitting

If an edge pq is “too long”, insert its midpoint m, then split it into two.

• If pq belongs to a surface triangle T ∈ ST , m lies on the piece of ∂Ω computed
from T . Else, it is merely inserted as the midpoint of p and q.

• An edge may be deemed “too long” when compared to the prescribed size, or
because it entails a bad geometric approximation of ∂Ω.

a0

a1

a2

<latexit sha1_base64="EBlilBSUwvwAejXjrosnBfRTaxU="></latexit>

S
•

T

T

a0

a1

a2

<latexit sha1_base64="EBlilBSUwvwAejXjrosnBfRTaxU="></latexit>

S

•
•

•

Splitting of one (left) or three (right) edges of triangle T , positioning the new points on the ideal surface S
(dotted).
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Local mesh operators: edge collapse

If an edge pq is “too short”, merge its two endpoints.

• Careful checks are in order to ensure the validity of the resulting configuration:

- This operation may invalidate some tetrahedra (i.e. create overlappings).
- When it is applied to a surface configuration, it may deteriorate the
geometric approximation of ∂Ω;

• An edge may be “too short” when compared to the prescribed size, or because it is
unnecessarily short for a fine geometric approximation of ∂Ω.

<latexit sha1_base64="lz4Py97q2yrtsp2g3GQERIBD5p8="></latexit>•
<latexit sha1_base64="+mt7bstv+nlYMHHydVRgKoGd4AA="></latexit>

p

<latexit sha1_base64="Bt2XZqSy9d49JFEIykRURj4Zfes="></latexit>

q
<latexit sha1_base64="lz4Py97q2yrtsp2g3GQERIBD5p8="></latexit>• •

q

Collapse of point p over q in a surface configuration.
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Local mesh operators: edge collapse

•
pq

•
q

In 2d, collapsing p over q (left) invalidates the resulting mesh (right): both greyed triangles end up inverted.
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Local mesh operators: edge swap (I)

Suppress and edge pq from the mesh and reconnect the leftover cavity adequately.

This operator is key in improving the quality of the elements of the mesh.

p

q

a

b

p

q

a

b

In 2d the edge pq is removed from the mesh, and the edge ab corresponding to the alternate configuration is
added.
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Local mesh operators: edge swap (II)

p

q

•
• • •

• • • •

a1
an a2

•

•

•

•

p

q

•
• • •

• • • •

a1
an a2

The 3d edge swap operator is much more involved than its 2d counterpart.
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Local mesh operators: node relocation

Slightly move a point p in the mesh, while leaving all connectivities unchanged.

This operator is the main ingredient in the fine-quality tuning of the mesh

•
@⌦

•p
ep

Relocation of node p to p̃, along the surface.
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Local remeshing in 3d : numerical examples

Mechanical part before (left) and after (right) remeshing.
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Local remeshing in 3d : numerical examples

(Left) Some isosurfaces of an implicit function defined in a cube, (centre) result after rough discretization in the

ambient mesh, (right) result after local remeshing.
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A word of advertisement

These general purpose remeshing algorithms are part of the free, open-source
environment Mmg.

https://www.mmgtools.org

https://github.com/MmgTools/mmg
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Numerical implementation

• At each iteration, the shape Ωn is endowed with an unstructured mesh T n of a
larger, fixed, bounding box D; a mesh of Ωn explicitly appears as a submesh.

• When dealing with finite element computations on Ωn, the part of T n exterior to
Ωn is discarded.

⇒ The shape gradient is accurately calculated.

• When dealing with the shape update step,

¶ A level set function φn is generated on the whole mesh T n,

· The level set advection equation is solved on this mesh, to get φn+1.

¸ From the knowledge of φn+1, a new unstructured mesh T n+1 is recovered, in
which the new shape Ωn+1 explicitly appears.

38 / 58



The algorithm in motion...

Step 1: From the actual shape Ωn, generate the signed distance function dΩn at the
vertices of the mesh T n of D.

(a) The initial shape (b) Graph of dΩn
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The algorithm in motion...

Step 2:

• Discard the exterior part D \ Ωn;

• Calculate the descent direction θn on (the mesh T n of) Ωn.

(a) The "interior mesh" (b) Computation of θn
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The algorithm in motion...

Step 3:

• “Retrieve" the whole mesh T n of D.

• Extend the velocity field θn to the whole mesh;

• Advect dΩn along θn for a (small) time step τ n.

• A new level set function φn+1 is obtained on T n, for the new shape Ωn+1.

The shape Ωn, discretized in the mesh (in yellow), and the "new", advected 0-level set (in red).
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The algorithm in motion...

Step 4:

• The 0 level set of φn+1 is explicitly discretized in the mesh T n.

• As expected, roughly "inserting" this line in T n yields a very ill-shaped mesh.

Rough discretization of the 0 level set of φn+1 into T n; the resulting mesh of D is ill-shaped.
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The algorithm in motion...

• Mesh modification is then conducted, so as to enhance the overall quality of the
mesh according to the geometry of the shape.

• The new mesh T n+1 is eventually obtained.

Quality-oriented remeshing of the previous mesh ends with the new, well-shaped mesh T n+1 of D in which Ωn+1

is explicitly discretized.
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The algorithm in motion...

Repeat the procedure until convergence (discretize the 0-level set in the
computational mesh, clean the mesh,...).
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Numerical results: 2d optimal mast

The “benchmark” two-dimensional
optimal mast test case.

• Minimization of the compliance

C(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx .

• A volume constraint is enforced.
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Numerical results: 3d cantilever

The “benchmark” three-dimensional cantilever test case.
• Minimization of the compliance

C(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx .
• A volume constraint is enforced by
means of a fixed Lagrange multiplier.
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Another example in multiphase optimization

Optimal repartition of two materials A0,A1

occupying subdomains Ω0 and Ω1 := D\Ω0

of a fixed working domain D, with total
(discontinuous) Hooke’s law

AΩ0 := A0χΩ0 + A1χΩ1 .
D

<latexit sha1_base64="1gSftf+ctTKfwZDEeFEHpiazrTE="></latexit>

⌦0

⌦1

�

• We minimize the compliance C(Ω0) =

∫
D

AΩ0e(uΩ0) : e(uΩ0) dx of D.

• The shape derivative reads:

C ′(Ω0)(θ) =

∫
Γ

D(u, u) θ · n ds.

• Evaluating D(u, u) is awkward in a fixed mesh context, for it involves jumps of the
(discontinuous) strain and stress tensors e(u) and σ(u) at the interface Γ.
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Numerical results: a multiphase beam

• We minimize the compliance of a beam D, with respect to the repartition of the
constituent materials A0, A1 (E 1 = E 0/3).

• A constraint on the volume of the stiffer material is enforced by means of a fixed
Lagrange multiplier.
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An advanced example in fluid-structure interaction (I)

• A solid obstacle Ωs := Ω is placed inside a fixed cavity D where a fluid is flowing,
occupying the phase Ωf := D \ Ωs .

• The fluid obeys the Navier-Stokes equations (Re = 60), and the solid is governed
by the linearized elasticity system.

• Weak coupling between Ωf and Ωs : the fluid exerts a traction on the interface Γ.

• We optimize the shape of Ωs with respect to the solid compliance

J(Ω) =

∫
Ωs

Ae(uΩs ) : e(uΩs ) dx ,

under a volume constraint.

⌦f

⌦s
�

v0

n

D
49 / 58



An advanced example in fluid-structure interaction (II)
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Optimization of the shape of a heat diffuser (I)

• A thermal chamber D is divided into

- A phase Ω with high conductivity γ1

- A phase D \Ω with low conductivity γ0.

• A temperature T0 = 0 is imposed on ΓD

and the remaining boundary ∂D \ ΓD is in-
sulated from the outside.

• A heat source is acting inside D.

• The temperature uΩ inside D is solution to
the two-phase Laplace equation.

• The average temperature inside D,

J(Ω) =
1
|D|

∫
D

uΩ dx

is minimized under a volume constraint.
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Optimization of the shape of a heat diffuser (II)

Optimization of the shape of a heat diffuser.
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Optimization of the shape of a heat exchanger (I)

• A thermal chamber D is divided into

- A phase Ωf ,hot conveying a hot fluid;

- A phase Ωf ,cold conveying a cold fluid;

- A solid phase Ωs .

• The Navier-Stokes equations are satisfied in
Ωf ,hot, Ωf ,cold.

• The stationary heat equation accounts for
the temperature diffusion within D.

• The heat transferred from Ωf ,hot to Ωf ,cold
is maximized.

• A constraint is imposed on the minimal dis-
tance between Ωf ,hot and Ωf ,cold:

d(Ωf ,hot,Ωf ,cold) ≥ dmin.

• Volume and pressure drop constraints are
added on Ωf ,hot, Ωf ,cold.

<latexit sha1_base64="5oenEh6kbltwl2zuTtid8F4oDM8="></latexit>

Thot

<latexit sha1_base64="28mtaybDdlUjPsGO/xLK6gXg8SA="></latexit>

Tcold
<latexit sha1_base64="ouEb2DAFxRfTCQ8xs7nciPvaGyg="></latexit>

⌦f,cold

<latexit sha1_base64="QlE8D7HQ6Em6D0/3sR052CXDwp0="></latexit>

⌦f,hot

<latexit sha1_base64="gOdBkBWeYJgNYircDbTdkq3CSJA="></latexit>

dmin

<latexit sha1_base64="/ErhYp50f16u9p8ZuDSoaXwQS5s="></latexit>

D

<latexit sha1_base64="bgFN+uDhcYxeUgBloZdowfFDgAs="></latexit>

⌦s
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Optimization of the shape of a heat exchanger (II)

Optimization of the shape of a heat exchanger.
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Thank you !
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