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Introduction
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Numerical optimal transport naturally raises questions on the stability of the optimal
transport maps with respect to the measures, namely if we approximate T : y — v by
T: i — U we want

d(T, T) < d((u,v), (i, 7))

Some stability results in optimal transport:

e (Ambrosio Gigli '09) Local stability near Lipschitz transport map

(

e (Berman '18) Global stability
(Merigot Delalande Chazal '19) Global stability, independant of dimension
(Li

° Nochetto '20) Local stability with discretization of both source and target
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Local stability with respect to target measure

Theorem (Ambrosio-Gigli '09)

Let X and ) be compact domains of R9. Let i € {0,1} and T; : X — Y optimal
transports maps between measures i to v; for the cost c(x,y) = ||x — y||>.
Assuming that v and vy are absolutely continuous and Ty is K-Lipschitz, then

IT1 = TollZay < 4MxKWA(vo,11)

e The map Ty is K-Lipschitz if and only if its associated potential yg:)Y — R is
1/K strongly convex. It typically implies that spt(1g) is connected.

o (Li-Nochetto '20) have a similar result with a discretization of both measures.
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Global stability

Theorem (Berman 18’)

Assume i is the Lebesgue measure on X convex and compact, and vy, v € P(Y)
with ) compact. Then

1

2 « 2 _
[ T1 = Tolliz(,) < CWA(vo,11)* with o= 2 1(d+1)

e (Merigot Delalande Chazal '19) Have the same result with o« =1/6
e Open problem: Can « = 1/6 be upgraded ? The theoretical bound is 1/2.
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Framework

Here we work on manifolds instead of domains, and cost functions that are not

necessarly the squared distance:

e M,N C R" be two d dimensionnal manifolds and c: M x N — R.

we P(M), veP(N) are two absolutely continuous measures

X =spt(u) and Y = spt(v) are two compact set

T:X — Yisatransport map if Tup=1v

c € C*(D) with D € M x N compact and X' C proj,, (D), Y C projn(D)

Anatole Gallouet o MAGA Days — Introduction e 5/19




c-transforms, c-superdifferential and c-concavity

Definition (c-transform)
Let p: X >Randy:)Y — R

e (y) = jnf, c(x,y) —p(x)  ¢(x) =y'2f c(x,y) = ¥(y)

Definition (c-superdifferential)

OU(y) = {x € X[¢(x) +¢(y) = c(x, ¥)}

Definition (c-concavity)
We say that 1 : V) — R is c-concave if there exists ¢ : X — R such that @) = ¢€,
which means that for any y € Y, ¥(y) = infrex c(x,y) — o(x).
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Strong c-concavity

Note that 1) c-concave implies Yy : 9 (y) # 0

Definition (strong c-concavity)

We say that a c-concave function ¢ : ) — R is strongly c-concave with modulus w if
forall y,z € ), and x € 9Y(y)

¥(2) < P(y) + ¢(x, 2) = c(x,y) —wly, 2)
where 09 (y) = {x € X|v(x) + ¥(y) = c(x,y)}
For c(x,y) = —(x]y) and w(y,z) = C |y — z||>, we have 9% (y) = Vi)(y) which gives

2
U(z) <P(y) + (Vo(y)ly —z) = Clly — z||



Stability of transport maps under
strong c-concavity
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Local stability with respect to target

Theorem (Generalizes Ambrosio-Gigli "09)

T; : X — Y optimal transports maps from y to v;, associated with c-concave
potentials 1; : Y — R with Lipshitz constant L. 1)1 strongly c-concave with modulus
w. Then we have

/ w(To(x), T1(x))du(x) < 2LW;(vo, 1)
X
In particular if w(y,z) = C|ly — z||* for some C > 0, then the results writes

) 2L
1T = Tollz2(u) < = Walvo, 1)

Anatole Gallouet e MAGA Days —  Stability of transport maps under strong c-concavity e 8/19




Let A= fy wld(lll — Vo) and B = fy LZJod(Vo - 1/1).
Since Tiyxp = vj and x € 0°¢Y;(Ti(x)) we have by c-concavity

/wl (T2(x))dplx /wl To(x))dp(x)
> / c(x, Ta(x)) — c(x, To(x)) + w(To(x), Ta(x))dp
X

B >/ (%, Ta(x)) + e(x, To(x))dp
/XW(TO(X), / Y1 — od(v1 — 1p) < Llprpf§§2L/y fd(v1 — o)

< 2L max / fd(l/l — Vo) < 2LW1(V0,V1)
Lip(f)<1./y
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Stability of transport plans

Theorem (Li-Nochetto '20)

Let X and Y be domains of RY. Let ¢ : X — R such that T := VY is an optimal
transport map between absolutely continuous measures v and v, and assume that ¢*
is 1/ strongly convex. Then for any v € ['(u,v):

[ Iy =TGR drey) < & (/ lx=yParten) = [ 1760 ~xP ()

e Similar to (Ambrosio Gigli '09), but for transport plans

e Left hand size is a distance between T and
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Stability of transport plans

Theorem (Generalizes Li-Nochetto 20)
Let T : X — Y optimal transport map from p to v, with associated potential
¥ Y — R strongly c-concave with modulus w. Then for any v € T'(u,v):

/X TN ) < /X bty - /X c(x, T(x))du(x)

Corollary
For any transport map T : X — ) between y and v, ifw(y,z) = Clly — z||?

2

c|r-7 i < /X o, Tl — /X el Tl
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Sufficient condition for strong
c-concavity
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Some important notions

Definition (c-exponential)

For x € M, c-exp,, = (—Vxc(x,-)) !
Definition (c-segment)
ye = cexp,((1 — t)po + tp1)
po = (—Vxc) (x,y0) € TxM and p; = (—Vxc) Y(x,y1) € TM

Definition (symmetrically c-convex set)
Let AC Y. D C M x N is symmetrically c-convex if for any (xo, yo) € D and
(x1,51) € D:

[x0,x1ly, C D and  [yo,y1]x, C D
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MTW Tensor

Assume ¢ € C*(D), The Ma-Trudinger-Wang tensor is defined for (xg, yo) € D and
(¢,n) € TkM x T,N by

S0, 10) (1) = —2 2 (el coexp (9))
c\X0, Y0 sN) = 5335323 9 s &7 X
2(9p727 axg 0

x=x0,p=—Vx(x0,%0)

with 7 = —Viyc(x07y0)77.

Definition (Weak MTW hypothesis)

3C > 0 such that &c(x,y)(n,£) = —Cnl&) | Inll l1€]]-
Definition (STwist)

The cost satisfies the strong Twist condition (STwist) if ¢ is C2, Vxc is one-to-one

2 . .
and Dg c is non singular.
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Differential criterion for c-convexity

Theorem (Villani 12.46)

Let c: M x N — R such that c and ¢ satisfies (STwist) and c is C* on a set closed
D which is symmetrically c-convex. We assume that weak MTW is satisfied on D.

Let ) € C2(V,R) with Y C projy(D). If for any y € ), there exists x such that
(x,y) € D and

VY(x) + Vyc(x,y) =0
D2(x) + D2, c(x,y) > 0

Then 1 is c-convex on ).

e Local criterion for c-convexity

e Requires strong and global hypothesis
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Criterion for strong c-concavity

Theorem (Strong c-concavity)

Let D C M x N be a symmetrically c-convex compact set. We assume that

c € C*(D,R), that ¢ and ¢& satisfy (STwist) and that weak MTW is satisfied on D.
Let ) € C3(V,R) such that the map T : X — Y defined by

T(x) = argmin, c(x,y) — ¥(y) is a diffecomorphism and satisfies for any x € X,

(x, T(x)) € D.

2

Then 1) is strongly c-concave with modulus w(y,z) = C ||y — z||°, i.e.

Vy,z € V,x € 09(y) : c(x,y) — ¢(y) < c(x,2) = 9(2) = Cly — 2|

Remark

This theorem is a natural development of Villani 12.46
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Sketch of proof

o Let h(t) = c(X,yt) — ¥(y:) with X € 0°Y(y), y € Y and y: = [y, y]=

We want h(1) > h(0) + C ||y — yH — fo t)dt > Clly — yH
o h(t) = (V2,c nl¢) and h(t) = (D2)(ye) + D2, c(xe, ye))(m,n) + fo Sc(-++)

T diffeomorphism + MTW weak = h(t) > A|n||> — Ch(t).

e By compactness arguments, ||n]| > C|ly — ||

Conclude by Gronwall's lemma.
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Reflector cost on the sphere
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Optimal transport on the sphere

Lemma

Let M =N =St and c = —In(1 — (x|y)). Let u and v be asolutely continuous
measures and 3 > 0 such that M((3) < 1/8 where

M(B) = sup (u(B(x,5)),v(B(x;5)))

x€Sd—1

Then the stability theorems applies.
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cis C* on M?\ A with A = {(x,x),x € S} and satisfies weak MTW.

A is repulsive i.e. ¢(x, x) = +00.

D. = {(x,y) € M|||x — y|| > €} is a symmetrically c-convex compact set.

Let v € (i, v) optimal, then spt(y) C De.
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