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¥ Course #1: Inverse Problems

¥ Course #2: Recovery Guarantees

¥ Course #3: Praximal Splitting: Methods



Convex Optimization

Setting: G :H — RU{+o0}
H: Hilbert space. Here: H = RY.

Problem: min G(x)
X! 'H
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Setting: G :H — RU{+o0}
H: Hilbert space. Here: H = RY.

Problem: min G(x)
x! H

;4 '
Class of functions X y

Convex G(tx+(1! t)y)! tG(x)+(1 ! t)G(y) t! [0,1
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B~ Convex Optimization =

Setting: G :H — RU{+o0}
H: Hilbert space. Here: H = RY.

Problem: min G(x)
x! H

;4 '
Class of functions X y

Convex G(tx+(1! t)y)! tG(x)+(1 ! t)G(y) t! [0,1

. _ . |
Lower semi-continuous |I)[p|)[]of G(x)! G(Xp) PN

Proper: {x! H\ G(X):+#} = & \_/

>
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¥ Convex Optimization e -

Setting: G :H — RU{+o0}
H: Hilbert space. Here: H = RY.

Problem: min G(x)
x! H

;4 '
Class of functions X y

Convex G(tx+(1! t)y)! tG(x)+(1 ! t)G(y) t! [0,1

. _ . |
Lower semi-continuous |I)[p|)[]of G(x)! G(Xp) PN

Proper: {x! H\ G(x) L+ #} % § N,
>
. 0 if x! C
Indicator: lc(X) = +"  otherwise

(C closed and conve»



Example: !1Regularization

Inverse problem measurement y= Kfg+ w

2 7 o K o N | P |
A K:RN1 R?, PI N
7y a *

y -y -




mele. | *Regularization -.

Inverse problem measurement y= Kfg+ w

F/j‘ K,k ,l K:RV1T R, PIN

Model: fo =1 Xo sparse in dictionary! ! RN'* Q@ Q! N.

X!RQ !):!X!RN K)y:Kf!RP
cod cients image observation:s

I = K!" " RP'Q T
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= Example: ! ~Regularization -

Inverse problem measurement y= Kfg+ w

Y K |
& P ‘ K ’ K:RN1T RP, PI N
/& /!

Model: fo =1 Xo sparse in dictionary! ! RN'* Q@ Q! N.

x| R® L Jf=1x! RV K |y=Kf!IRF
cod cients image observations

‘ I = K!" " RP'Q T
Sparse recovery:f* = ! x* wherex’ solves

1
min [=lv! | xI2| + [ |x
min 2IIy II Ix11

Fidelity  Regularization



Example: !1Regularization

Inpainting: masking operator K ,
f i i,
O otherwise

K:RN1 RP P= |9

(Kf)i =

I | RVXQ translation invariant wavelet frame.

Recovery! x

Orignal fo = ! X
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¥ Proximal Calculus

¥ Forward Backward
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¥ Generalized Forward-Backward
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Sub-differential

Sub-di erential:
0G(x) ={u! H\" 2, G(2)! G(x)+#u, 2% =%
G(x) = [X]

9G00)=[! 1,1



Sub-differential

Sub-di erential:
0G(x) ={u! H\" 2, G(2)! G(x)+#u, 2% =%
G(x) = [

Smooth functions

If Fis Ct, OF(x) = {VF(z)}

5G(0) =[! 1,1



m-diﬁerential :h'i

Sub-di erential:
0G(x) ={u! H\" 2, G(2)! G(x)+#u, 2% =%
G(x) = [

Smooth functions

If Fis Ct, OF(x) = {VF(z)}

First-order conditions: 0G(0) =111

x' I argmin G(x) O# ! G(x')
x!'H



m-diﬁerential :h'i

Sub-di erential:
0G(x) ={u! H\" 2, G(2)! G(x)+#u, 2% =%
G(x) = [

Smooth functions

If Fis Ct, OF(x) = {VF(z)}

First-order conditions: 0G(0) =111

X' | ac(g!rlrjin G(x) r O# ! G(x') /|{(X)
X

Monotone operator:  U(x) = ! G(x) >
L (u,v) " UX)# U(y), ly" x,v" u#! O




mmple' | L Regularization

x' 1 argmin G(x) = —||y LR R b B
x| RQ

LG(x) =1 (!t xt y)+ " Jahk(x)

Hakeo = Y )



_.-"- | . |1 T
mele. Regularization -

x' | argmin G(x) = —||y " Ux]P+ X
x| RQ
IGX)=!1"(x! y+ " Jak(x)
, _sign(x;) if x; EO, X
ko= i x =0 T ¢
= —o— |

Support of the solution e l
| = {i! {0,..., N" 1}\ x; #0}



mele: | L Regularization =
x' 1 argmin G(x) = —||y " x)2+ ! IX],
x| RQ

LG(x) =1 (!t xt y)+ " Jahk(x)

ak(x); = f:,i91fj<;]i> | el 0 Tx;
O

Support of the solution e l

| ={i! {0,...,N" 1\ xi #0)}

First-order conditions: C Lyt X i
Is" RN, 1'(Ox' #y)+1s=0 T TT

S = sign(x, ),
Isic]: ! 1 || lll




xample: Total Variation Denoising

Important: the optimization variable iIs f .

f' 1 argmin —||y" fl12+1J(f)
fl1 RN

Finite di! erence gradient ! :RN " RN'? (1 f); "

Discrete TV norm:  J(f)= (! f)]

| =0 (noisy)



mele: Total Variation Denoising a'f

1

f' 1 argmin §||y" fl2+1J(f)
f1 RN
J()=GVf)  Gu)=  |u

Composition by linear maps: !'(J! A=A 1 (1 J)!l A
oJ(f) =" div(0G(" f))

m if u; Z0, "

| .=
.G(u)z HERQ\“"“! 1 If Ui:O-



mmple: Total Variation Denoising ::'f

f' 1 argmin %||y" fl2+1J(f)
f1 RN
J()=GVf)  Gu)=  |u

Composition by linear maps: !'(J! A=A 1 (1 J)!l A
oJ(f) =" div(0G(" f))

o if u; 70
| N AR
: G(U)z n c RQ \ || n || | 1 |f u; = 0.

First-order conditions: Jv e RV 2] 1 =y + Adiv(v)
| o

2

Viel,v; =
NViT IR i\ (V)
Viels, v <1 AV 70)
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Proximal Operators

Proximal operator of G:

1
Prox,q(z) = argmin 5”:13 — 2| +vG(2)



Proximal Operators

Proximal operator of G:

1
Prox,q(z) = argmin 5”:13 — 2| +vG(2)

G(x)= Ixls = Ixil

G(x) = Ix]o = [{1\ X; £0}]

G(x)=  log(L+ |xi|%)




mximal Operators o

Proximal operator of G:

1
Prox,q(z) = argmin 5”:1: — 2| +vG(2)

G(x)= Ixls=  Ixi
i ' |
Prox;g(X)i =max 0,1! — X;

G(x) = Ix]o = [{1\ X; £0}]

_ox 2T
Prox e 001 = 0 otherwise. $
G = log(1+ )
i
I' 3rd order polynomial root.




Proximal Calculus

Separability: G(X) = Gi(X1)+ ...+ Gn(Xn)
Proxg (x) = (Prox g, (X1), ..., Proxg, (Xn))



mc_)ximal Calculus

Separability: G(X) = Gi(X1)+ ...+ Gn(Xn)
Proxg (X) = (Prox g, (X1), ..., Proxg, (Xn))

Quadratic functionals:  G(x) = %H‘I’l‘ —y[?
Proxig =(Id+ 1) 1"

= o*(Id+ ~dP*) 1



Kx .|':"£ Proximal Calculus

Separability: G(X) = Gi(X1)+ ...+ Gn(Xn)
Proxg (X) = (Prox g, (X1), ..., Proxg, (Xn))

Quadratic functionals:  G(z) = %H(I)w —yl?
Prox;g = (ld+ 1'1) 11
= o*(Id + vdd*) 1
Composition by tight frame: A! A* =1d
Proxgoa(r) = A™! Proxg! A+1d" A™! A



& Proximal Calculus

Separability: G(X) = Gi(X1)+ ...+ Gn(Xn)
Proxg (X) = (Prox g, (X1), ..., Proxg, (Xn))

Quadratic functionals:  G(z) = %HCI):I; —yl?
Prox;g = (ld+ 1'1) 11
= o*(Id + vdd*) 1
Composition by tight frame: A! A* =1d
Proxgoa(r) = A™! Proxg! A+1d" A™! A

Indicators:  G(X) = !c(x)
Prox, g (X) = Proj <(x)

= argmin |x! z| ¢
z! C

LY
A Y
® X<

< C(X)"Q



|Zz ¥5.Prox and Subdifferential o

Resolvant of! G:
Zz = Prox g (x) I 0! z" x+ 1" G(2)
2 x! (Id+ 1" G)(z) r z=(>(d+ !" G)' }x)

Inverse of a set-valued mapping
wherex ! U(y)" vy! U (%)

Proxic =(Id+ !" G)' ' is a single-valued mappin:



MX and Subdifferential a'f

Resolvant of! G:
Zz = Prox g (x) I 0! z" x+ 1" G(2)
2 x! (Id+ 1" G)(z) r z=(>(d+ !" G)' }x)

Inverse of a set-valued mapping
wherex ! U(y)" vy! U (%)
Proxic =(Id+ !" G)' ' is a single-valued mappin:
Fix point:  x' ! argmin G(x)
3 0! 5’G(j(!) r ! (d+ " G)z')
% x' =(d+ 1" G) Yx')=Prox-g(x')



Mdient and Proximal Descents a'i

Gradient descent  xU* = xU 11 g(x*) [explicit]
GisC!and! G is L-Lipschitz

Theorem: If0< ~ < 2/L,x") 1 x" a solution.




m@dient and Proximal Descents 5

Gradient descent  xU* = xU 11 g(x*) [explicit]
GisC!and! G is L-Lipschitz

Theorem: If0< ~ < 2/L,x") 1 x" a solution.

Sub-gradient descen x(™D = x® 1 1,v® v 11T G(xM)

Theorem: If !, ! /", x(H" x" a solution.

' Problem: slow



Gradient and Proximal Descents :}'5

Gradient descent  xU* = xU 11 g(x*) [explicit]
GisC! and! G is L-Lipschitz

Theorem: If0< ~ < 2/L,x") 1 x" a solution.

Sub-gradient descen x(™D = x® 1 1,v® v 11T G(xM)

Theorem: If !, ! /", x(H" x" a solution.

' Problem: slow

Proximal-point algorithm: x“*Y =Prox.,¢(x")) [implicit]

Theorem: If !, >c> 0,x® 1 x* a solution.

' Prox, ¢ hard to compute.



Overview

¥ Subdifferential Calculus

¥ Proximal Calculus

¥ Forward Backward

¥ Douglas Rachford

¥ Generalized Forward-Backward

¥ Duality



Proximal Splitting Methods

Solve  min F(x)
X! 'H

Problem: Prox, g 1S not available.



mﬂ@ximal Splitting Methods

Solve  min F(x)
X! 'H

Problem: Prox, g 1S not available.
Splitting: ~ E(x) =|EE) [+ > [Gi(X)
i

Smooth Simple




mximal Splitting Methods

Solve  min F(x)
x! H

Problem: Prox, g 1S not available.

Splitting: ~ E(x) =|EE) [+ > [Gi(X)

Smooth Simple
I
lterative algorithms using: < '+ F(X)
Prox; g, (X)
—orward-Backward: Solves > F + G
Douglas-Rachford >
Primal-Dual: >

Generalized FB > F +



Smooth + Simple Splitting

Inverse problem measurement y= Kfg+ w

Model: fo = UXg sparse in dictionary W.

Sparse recovery.f- = ! x* wherex’ solve

min | E(X) |+ [ G(X)

X €RN
Smooth Simple

| 1
Data fidelity: F(z) = 5”?/' ! fL’HZ

Regularization: G(x) = |x|1 = leil
i

/ ¢ 7 kf ‘
j‘ K | j K:RN1T R, P! N

KO"



Forward-Backward

FIX point equation:
x' Largmin F(x)+ G(X) r 01" F(x')+ ! G(X')
r (X' 1 1" F(x)) # x5+ 1" G(x')

I X' =Prox-g(x' ! 1" F(x'))



A ¥ Forward-Backward -

FIX point equation:
x' Largmin F(x)+ G(X) r 01" F(x')+ ! G(X')
r (X' 1 1" F(x)) # x5+ 1" G(x')

I X' =Prox-g(x'! 1" F(x"))

Forward-backward | ™" = Prox.q (:c(@ — ' VF (ZU(E)))




- Forward-Backward n'f

FIX point equation:
x' Largmin F(x)+ G(X) r 01" F(x')+ ! G(X')
r (X' 1 1" F(x)) # x5+ 1" G(x')

I X' =Prox-g(x'! 1" F(x"))

Forward-backward | ™" = Prox.q (:c(@ — ' VF (l’(ﬁ))>

Projected gradient descent G=lc



Igg | Fﬁ Forward-Backward __,,_,,_'f._'

FIX point equation:
x' Largmin F(x)+ G(X) r 01" F(x')+ ! G(X')
r (X' 1 1" F(x)) # x5+ 1" G(x')

I X' =Prox-g(x'! 1" F(x"))

Forward-backward | ™" = Prox.q (ZL‘(E) —IVF (ZL’(E))>

Projected gradient descent G=lc

Theorem: Let ! F be L-Lipschitz.
f1 <21, x1 x  asolution of (1)




m&émple: L1 Regularization a'f

.1 .
min §||I z! y|I*+ Mzli <= min F(z)+ G(z)
X X

1
FO) = oIt x =yl

LF)=11(x"y) L=t
G(x) = ! [x]1
Prox; g(x); =max 0,1! IIX—ul Xi

Forward-backward I Iterative soft thresholding




mvergence Speed

mxin E(x)= F(x)+ G(x)

l F Is L-Lipschitz.
G Is simple

Theorem: |If L> 0, FB iterates x!!) satisbe
E(z")! E(z)! ¢/ '

C degrades withL ! O.



Multi-steps Accelerations

Beck-Teboule accelerated FE t© =1

1
XU =Prox gy =t E(yY)

1+  1+4(t()2

2t<!> 11

(1+1) — ('+1)
y = X T t(1+1)

(X(! +1) | X(|))

(see also Nesterov methot

Theorem: IfL> 0, EXY)! E(x)! IE

Complexity theory: optimal in a worse-case sens



¥ Subdifferential Calculus
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m‘ ' "FI: Douglas Rachford Scheme -

min|Gy(X)| + |Ga(X)| (')

Simple  Simple
Douglas-Rachford iterations

2D = 1 > 20+ !ERProx--Gz " RProx- g, (z\"))

x(*D = Prox . g, (D))

Rel3exive prox
RProx, g (x) = 2Prox,g(x) ! X



min|Gy(X)| + |Ga(X)| (')

Simple  Simple
Douglas-Rachford iterations

Douglas Rachford Scheme - f

2D = 1 > 20+ !ERProx--Gz " RProx- g, (z\"))

X(!+l) = Prox - Gl(z(!+l) )

Rel3exive prox
RProx, g (x) = 2Prox,g(x) ! X

Theorem: If0O<! < 2and" > 0,

xD 1 x a solution of (1)




W_Fix Point Equation =y

mxin Gi(x) + Ga(x) r 0! 1'(Gy+ Go)(X)

5 lz,z" x#!1("Gy)(x) and x" z#!("Gy)(x)

T z=Prox,g,(2) and | 2x! z)! x" | ("Gy)(x)




¥DR Fix Point Equation -

mxin Gi(x) + Ga(x) r 0! 1'(Gy+ Go)(X)

5 lz,z" x#!1("Gy)(x) and x" z#!("Gy)(x)

T z=Prox,g,(2) and | 2x! z)! x" | ("Gy)(x)

r X =Prox,g,(2x! z)=Prox, g, " RProx; g, (z)

) z = 2Prox, g, ! RProx,g,(y)" (2x" z)
r Zz = 2Prox, g, ! RProx,; g,(z) " RProx; g, (2)

) Z = RProx, g, ! RProx; ¢, (z)

roz= 1 > 2+ -RPIOXi 6, " RPIOX 6, (2)



m@mple: Constrainted L1 -

min |xl1 <= min Gy(x) + Ga(x)

I X=vy

Gi(x) = ic(x),  C={x\1Ix=yj

Prox, g, (X) = Proj o(x) = x+ 1" (It 1) Yy! 1 x)

G2(X) = IXls  Proxig,(xX)= max 0,1! m X
| i
' el cientif ™ ° easy to invert.



m@mple: Constrainted L1 -

min [X]1 <= min Gy(x) + Ga(x)

I X=vy
Ga(x) = 1¢(X), C={x\1Ix=yj

Prox, g, (X) = Proj o(x) = x+ 1" (It 1) Yy! 1 x)

G2(X) = IXls  Proxig,(xX)= max 0,1! m X
| i
rl I . - i ! . | |

Example: compressed sensir

| | R100" 400 ian matrix "
Gaussia at wl =0.0]
y=1Xo |Xolo = 17 1%

1 =10 |

" #" #I" M $!"




m_re than 2 Functionals a'f

min G1(X)+ ...+ Gy (x) eachF; Is simple
X
<— min  G(X1,...,Xk)+ e(X1,...,Xk)
(X1,..0,X k)

G(X1,...,Xk) = G1(X1) + ...+ Gk(Xk)



m_re than 2 Functionals a'f

min G1(X)+ ...+ Gy (x) eachF; Is simple
X
<— min  G(X1,...,Xk)+ e(X1,...,Xk)
(X1,..0,X k)

G(X1,...,Xk) = G1(X1) + ...+ Gk(Xk)

G and !¢ are simple

Proxi (X1, - - -, Xk) = (Prox 1 g, (Xi)).

1!
ProxXe o (Xg, ..., Xk) = (X, ..., ¥) where Y= % Xi




miliary Variables: DR a'i

mxin Gi1(X)+ Go ! A(X) Linear map A E! H.
— rrF1|inE G(z) + 'c(2) G, G, simple,
z! H"

G(X,y) = Gu(x) + Ga(y)
C={(x,y)! H" E\ AXx = vy}



mniary Variables: DR -

mxin Gi1(X)+ Go ! A(X) Linear map A E! H.
— rﬂinE G(z) + 'c(2) Gy, G, simple,
z! H"

G(X,y) = Gu(x) + Ga(y)
C={(x,y)! H" E\ AXx = vy}

Prox, g (X,y) = (Prox , g, (x), Prox; g, (y))
PrOXLC (xay) — (:C - A*ga Yy — g) — (X’AX)

= Id+ AA*) " (Az! v)
x=(d+ A'A) Y(A'y+ x)

where

' el cient if Id + AA* or Id + A’ A easy to invert.



mmple: TV Regularization :-E

min %an L ylP+ ]t Iy Jul: = Juil
< min Gi(f)+ G217 (f)

!
Juil

1 " !
Ga(f) = SIKF ! yI° Prox; g, = (Id+ ' K'K)" 1K'

Gi(u) = |uly Prox,g, (U)i = max 0,1 U

C= (f,bu)! RN" RN" 2\ y= #f

Prox,. (f,u) = (£ ! )



mmple: TV Regularization :-5

min %an L ylP+ ]t Iy Jul: = Jui
< min Gi(f)+ G217 (f)

Gi(u) = Jul Prox,g, (U); :max- 0,1! T U;
Go1)= SIKT LY Proxis, = (id+ 1K'K) 'K
C= (f,bu)! RN" RN" 2\ y= #f

Prox,. (f,u) = (£ ! )
Compute the solution of; (Id+ ! )Yf~= 1 div(u) + f

' O(N log(N)) operations using FFT.



X i~ Example: TV Regularization =y

Orlgnal fo “y=lfo+w  Recoveryf:

BEEI00

y = KXo iteration |




Overview

¥ Subdifferential Calculus

¥ Proximal Calculus

¥ Forward Backward

¥ Douglas Rachford

¥ Generalized Forward-Backward

¥ Duality



m}a‘%ﬁB Splitting _
!II
min |F(X) |+ G(x)| (1)
x! RN 1
li=1.....n Smooth  Simple
2 = 20 4 Prox pe, 2xM1 zZ01 10 FxOy) 1 xO
x(1+1) = E!” Zi(!+1)
Mo




GFB Splitting :j

min |E(X) |+ Gi (X) (1)
x! RN _q

Smooth Simple

li=1,...,n,

|
x(1+1) — E Z-(!+1)
n _

1

Theorem: Let ! F beL-Lipschitz.
f ! <2/L, x1 x" a solution of (!)




GFB Splitting :hj

min [F (X) |+ G(x)| ()
x! RN i1

Smooth Simple

l1=1,...,n,

|1
X(!+1) _ E Z-(Hl)
n .

1

Theorem: Let ! F beL-Lipschitz.
f ! <2/L, x1 x" a solution of (!)

n=1" Forward-backward.
F=0" Douglas-Rachford



GFB Fix Point

X | aréminF(x)+  Gi(x) <= 0!" F(x')+ !1Gi(x')

x! RN

— lyy"IGX) #F(X)+ ,yi=0



X F~GFB Fix Point =y

x!argmnF(x)+ Gi(x) < 0!" F(x')+ . !IGj(x')

x! RN

— lyy"IGX) #F(X)+ ,yi=0

— |1 (z),, "], %!x! #zi#!1$ F(x!)" %!" Gi(x')

X'= 3+ .z (usezy = x' ! 1" F(x')! Ny;)




X F.GFB Fix Point n'f

x!argmnF(x)+ Gi(x) < 0!" F(x')+ . !IGj(x')

x! RN

— lyy"IGX) #F(X)+ ,yi=0

— |1 (z),, "], %!x! #zi#!1$ F(x!)" %!" Gi(x')

X'= 3+ .z (usezy = x' ! 1" F(x')! Ny;)

— (2x'! z! I"FX))! x' #nl" G(X')

— X :PI'OXn--Gi(ZX! 1z 1" F(x))

< zi=zitProxmig, (2x ! z! " F(x))! x



A F~.GFB Fix Point I.—_i'f

x!argmnF(x)+ Gi(x) < 0!" F(x')+ . !IGj(x')

x! RN

— lyy"IGX) #F(X)+ ,yi=0

— |1 (z),, "], %!x! #zi#!1$ F(x!)" %!" Gi(x')

X' =

I l -
n

. Z (usezi = x* I " F(x')! Ny;)

— (2x'! z! I"FX))! x' #nl" G(X')

— X :PI'OXn--Gi(ZX! 1z 1" F(x))

< zi=zitProxmig, (2x ! z! " F(x))! x

+ ' Fix point equation on (X', z4,..., Zn).




_ = Block Regularization -

!1 ' !2 block SparSity: G(X) - ||X[b] ||, ||X[b] ||2 — szn
b B m! b

Image f =



_ = Block Regularization -

111 12 plock sparsity: G(x)=  [xP],  IXPIP= X3

b! B m! b
Non-overlapping decomposition B=B;! ...! B,
I |
Gx)=  Gi(x) Gi(x)= I,
1=1 b! B;

Imagef = ! x Byl By



~ = Block Regularization -

111 12 plock sparsity; G(x) = [xM], Ix®2= X3
b B m! b
Non-overlapping decomposition B = B;! ...! B,
| n )
Gx)=  Gi(x) Gi(x)= I,
=1 b! Bi

Each G; Is simple .
I'm" b" Bj, Proxig. (X)m =max O0,1#

Image f



Numerical lllustration

1 ’
min z||y! " x|+ ! Gi(x) | =TI wavelets

EFB
PR
CP |

10 2

0gEY 1 By Y T
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¥ Duality



Legendre-Fenchel transform

G' (u) =

Sup
x! dom( G)

lu, Xx"# G(X)

\

G(X)
I G’ (u)




m_l_ggendre-Fenchel Duality

Legendre-Fenchel transform \*

G (u= sup !lu, x"# G(x)
x! dom( G) G(x)

| I G’ (u)
Example: quadratic functional
G(x) = :—2L!Ax, X"+ Ix, b"

G (u) = %!u" b, A Y(u" b



Kz .|E‘£ L egendre-Fenchel Duality

Legendre-Fenchel transform \*

G (u= sup !'u x"# G(x)
x! dom( G) G(x)

I G’ (u)
Example: quadratic functional
G(x) = :—2L!Ax, X"+ Ix, b"
G (u)= %!u" b, A Y(u" bt

MoreauOs identity
Prox,; g (X) = x! I'Proxg , (X/ 1)

G simple ' G' simple



mcator and Homogeneous :-5

Positively 1-homogeneous functiona G(! x) = |x|G(x)
Example: norm G(x) = |X]

uality: - G'(0)= lo,@1100 Gi(y)= min 1xy"
X)!
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Positively 1-homogeneous functiona G(! x) = |x|G(x)
Example: norm G(x) = |X]

Duality:  G'(x) = g, (41 1(X) G (y)= min !x, y"
G(x)!'1
P norms:  G(x) = |X]p 1 1
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mcator and Homogeneous E-E

Positively 1-homogeneous functiona G(! x) = |x|G(x)
Example: norm  G(x) = [x]
Duality:  G'(x) = !, (31 1(X) G/ (y)= min !x, y"
G(x)!1

IP norms:  G(x) = |x], Lo 4 |+
St | p,q! +!

Gi (x) = Ixlq
Example: Proximal operator of I norm
Prox, jg, =1d ! ! Proj,:
' I
Proja, + (X)i =max 0,1 — X

X |

for a well-chosen! = ! (x,")



mﬂi_mal-dual Formulation l-;

Fenchel-Rockafellar duality A:H!" L linear

mlg Gi(X)+ Go! A(X) = m|n Gi1(x) +sup 'Ax, u"# G,(u)
X! ul L



ﬂ\ .|~£~ Primal-dual Formulation | =

Fenchel-Rockafellar duality A:H!" L linear
”.“Q Gi(X)+ Go! A(X) = m|n Gi1(x) +sup 'Ax, u"# G,(u)
X ul L

Strong duality: 0! ri(dom(Gy)) " A ri(dom(G,))
(min! max) = max | GE(U)+an Gi(x)+ "X, A'ut

= max L G5(u)! Gi(! A'u)



Mmal-dual Formulation | -+

Fenchel-Rockafellar duality A:H!" L linear
”.“Q Gi(X)+ Go! A(X) = m|n Gi1(x) +sup 'Ax, u"# G,(u)
X ul L

Strong duality: 0! ri(dom(Gy)) " A ri(dom(Gy))

(Mn! max) =max ! G!z(u)+M(n Gi(x) + "X, A’ Ut
u

= max L G5(u)! Gi(! A'u)

Recoveringx® from someu: :

x' =argmin Gi(x')+ Ix', Atu'"
X




Mmal-dual Formulation | -+

Fenchel-Rockafellar duality A:H!" L linear
”.“Q Gi(X)+ Go! A(X) = m|n Gi1(x) +sup 'Ax, u"# G,(u)
X ul L

Strong duality: 0! ri(dom(Gy)) " A ri(dom(Gy))

(Mn! max) =max ! G!z(u)+M(n Gi(x) + "X, A’ Ut
u

= max L G5(u)! Gi(! A'u)

Recoveringx® from someu: :

x' =argmin Gi(x')+ Ix', Atu'"
X

g AU " T Gy(XY)
T X (G) M(TAU)=IG("A U



m;fg[ward-Backward on the Dual 5

If G; is strongly convex ! ?G;! cld
Gi(tx +(1! t)y)! tG1(X)+ (1 ! t)G1(y)! %t(l! t)x! y||2




mward-Backward on the Dual ::-E

If G; is strongly convex ! ?G;! cld
Gi(tx +(1! t)y)! tG1(X)+ (1 ! t)G1(y)! gt(l! t)x! y||2

< X' unigquely debnec

X' =1 Gi("A'u
G; is of class C1. 1 )




m‘ .i:*‘ . Forward-Backward on the Dual a'i

If G; is strongly convex ! ?G;! cld
Gi(tx +(1! t)y)! tG1(X)+ (1 ! t)G1(y)! gt(l! t)x! y||2

< X' uniquely debnec X =1 Gi(" A'U')

G; is of class C1.

FB on the dual: Q]IQ Gi(X)+ G2 ! A(x)

= | mi[1 G (! A u)+ G5(u)
ul
Smooth Simple

u*D = Prox.g; u®) + LA GH(" Alu®))




mmple: TV Denoising a'i

.1 . .
min SIt yIZ+ " fli =  min Jy+div(u)l’

[uf, ! !

juli = jui | julp = max Jui |
i
Dual solution v ——— Primal solution f' = y+div(u')

[Chambolle 2004



mmple: TV Denoising -

.1 . .
min SIt yIZ+ " fli =  min Jy+div(u)l’

[uf, ! !

juli = jui | julp = max Jui |

'

Dual solution v ——— Primal solution f' = y+div(u')

FB (aka projected gradient descent) [Chambolle 2004

ut*d = Proj 14, | - UM+ 11y +div(u®))
v = Proj 4 (u) Vi = ul
e - max(luil/!, 1)
. 2 1
Convergence | ! < = -

Idiv!i" | 4



Primal-Dual Algorithm

miQ Gi(X)+ G ! A(X)
X!

— H}(inmzax Gi(x) — G5(2) + (A(X), z)



Primal-Dual Algorithm

milg Gi(X)+ G ! A(X)
X!

<= minmax G;(X) — G5(z) + (A(X), Z)

X Y4

Z(!+1) = Prox "G!Z(Z(!) + IA(X(I))
X(!+1) = Prox "Gl(x(!) ! !A! (Z(!)))

X_(!+1) — X(!+1) + !(X(!+1) ! X(!))

I = 0: Arrow-Hurwicz algorithm.
| = 1. convergence speed on duality ga



milg Gi(X)+ G ! A(X)
X!

<= minmaxG;(X) — G5(z) + (A(X), 2)

X Y4

= Prox - g: (2" + I A(x"))
= Prox-g,(xY 1 1A' (z")))

X_(!+1) — X(!+1) + !(X(!+1) ! X(!))

I = 0: Arrow-Hurwicz algorithm.
| = 1. convergence speed on duality ga

Theorem: [Chambolle-Pock 2011
fOo! I'l 1and"#]A]? < 1 then
x() 1 x" minimizer of G; + G, " A.




Inverse problems in imaging
| Large scale,N ! 10°.

I Non-smooth (sparsity, TV, ...)

I (Sometimes) convex

I Highly structured (separability, !'P norms, ...).
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Proximal splitting: '

I Unravel the structure of problems

I Parallelizable.




Inverse problems in imaging
| Large scale,N ! 10°.

I Non-smooth (sparsity, TV, ...)

I (Sometimes) convex

I Highly structured (separability, !'P norms, ...).
Proximal splitting: '

I Unravel the structure of problems

I Parallelizable.

Open problems
I Less structured problems without smoothnes:

' Non-convex optimization.



