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Overview of the Course

e Course #1: Inverse Problems

e Course #2: Recovery Guarantees

e Course #3: Proximal Splitting Methods
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e Low-complexity Regularization with Gauges
e Performance Guarantees

e Grid-free Regularization
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m\l_erse Problem Regularization E-E

Observations: y = ®xg + w € RY.

Estimator: x(y) depends only on <

Example: variational methods

1
r(y) € argmin[i ly — @x\ﬂ—l— AJ(x)

rERN .
Data fidelity —Regularity

observations vy

parameter A\

Noise level :
Choice of \: tradeoff OISC IGVEL | > Regularity of zg

No noise: A — 07, minimize 2* € argmin J(z)
rERQ Krx=y

Performance analysis.

Thi : ‘
15 COULSE Fast computational scheme.
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Union of models: T € T linear spaces.
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Gauges for Union of Linear Models

Convex
, .V +
Gauge: J:R"Y — R Va e RY, J(az) = aJ(z)

Piecewise regular ball < Union of linear models (I')re7

/

J(@) = zfy T |7altleasl J(@) =zl J(@) = |o]
T — sparse Tsparsoec T low-rank sparse

vectors vectors matrices vectors






mtzdiﬁerentials and Models

0J(z) ={n\Vy,J(y) 2 J(@)+n, y — x)}
Example: J(xz) = |z|;
_ supp(n) = 1, . 5
e = {\ IEP e ) e e

I =supp(z) ={i\ x; # 0} lo— 0 o




K& .|E'£ Subdifferentials and Models

OJ(x) ={n\Vy,J(y) = J(x)+{n, y — )}

FExample: J(x) = |x|1

supp(n) = 1, i
olzlli = R
” Hl {77\ v] ¢ ] ‘77]‘ <1 } 0](:1:)
I = supp() = {i \ z; # 0} ST

T, ={n \ supp(n) = I}
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Definition: T, = VectHull(0J (z))~*
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OJ(x) ={n\Vy,J(y) = J(x)+{n, y — )}

FExample: J(x) = |x|1

_ supp(n) = 1, ) 5
Ol = {77\ vid I |nl <1 } I(‘?J(x)
0o

[ =supp(z) ={i \ z; # 0} o Oy o fT
T, ={n\ supp(n) = I} I
e, = sign(x) i -

4 )

Definition: T, = VectHull(0J (z))~*
neolr) = Proj . (n) = e
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Examples

01 sparsity: J(x) = |z
e, = sign(x) T, = {2 \ supp(z) C supp(z)}

(a) = a/]al

T, = {z \ supp(z) C supp(x)}

Structured sparsity: J (:1:) = Zb ”bu
Cxr — (N(xb))bEB




Examples

01 sparsity: J(x) = |z

e, = sign(x) T, = {2 \ supp(z) C supp(z)}
Structured sparsity: J(x) =), |xs| (a) = a/|al

ex = (N(@))ves T, = {z \ supp(z) C supp(z)}
Nuclear norm: J(x) = |z|, SVD: z=UAV"

e, =UV*  T,={UA+BV*\ (4, B) € (R"")?}




X EExamples -

01 sparsity: J(x) = |z
e, = sign(x) T, = {2 \ supp(z) C supp(z)}

Structured sparsity: J(x) =), |xs| (@) =a/|a|

ex = (N (Zb) )ves T, = {z \ supp(z) C supp(z)}

Nuclear norm: J(x) = |z|. SVD: x=UAV"

Cxr = v 1 = {UA—I— BV”® \ (Av B) S (Rnxn)2}
] I'={i\ |zi| = |7]oc}
Ty ={y \ yr o sign(zr)}
0J;

Anti-sparsity: J(x) =
e, = |I|” " sign(z)

)
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Noiseless recovery:  min J(z)
CI)ZEZq)CIZO
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ml Certificates -
8](:1:0)

Noiseless recovery: cI)miql;l J (513) (770) n
=PI

Proposition:
xo solution of (Py) <= dn € D(zg)

Dual certificates: D(xg) = Im(®™) N OJ(x¢)

Proof: (Po) <= 5€I}iif(lq)) J(xo + 0)

V(n,0) € 0J(xg) x ker(®), J(xg+9) = J(xg)+ (9, )

nelm(®) = (U, =0 = x( solution.

xo solution = V4, (6,7) <0 = 1€ ker(®)".
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Tight dual certificates: 0J(xp)
4

D(xg) = Im(®*) Nri(0J(zq))

ri(F) = relative interior of F

= interior for the topology of aff(E)
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Tight dual certificates: 0J(xp)
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ri(F) = relative interior of F

= interior for the topology of aff(E)

[Fadili et al. 2013]

Theorem:
If 31 € D(zo), for XA ~ |w| one has |z* — x| = O(Jw])
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MI Certificates and L2 Stability :h-i

Tight dual certificates: 0J(xp)
D(zg) = Im(®*) Nri(0J(z0)) g

ri(F) = relative interior of F

= interior for the topology of aff(E)

[Fadili et al. 2013]

Theorem:
If 31 € D(zo), for XA ~ |w| one has |z* — x| = O(Jw])

|Grassmair, Haltmeier, Scherzer 2010]: J = | - |1.
|Grassmair 2012]: J(z* — x9) = O(|w]).

— The constants depend on N ...
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Random matrix: ® ¢ R7*Y, @, ~ N(0,1), i.i.d.

Sparse vectors: J = | - |1.

[Rudelson, Vershynin 2006]
[Chandrasekaran et al. 2011]

Theorem: Let s = |xgo- If
P > 2slog (N/s)
Then 3n € D(xg) with high probability on ®.
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Random matrix: & ¢ R™*Y, &, . ~ N(0,1), i.i.d.
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~ Compressed Sensing Setting -

Random matrix: & ¢ R™*Y, &, . ~ N(0,1), i.i.d.

Sparse vectors: J = | - |1.

[Rudelson, Vershynin 2006]

Theorem: Let s = HZEOHO It [Chandrasekaran et al. 2011]

P > 2slog (N/s)
Then 3n € D(xg) with high probability on ®.

Low-rank matrices: J = | - .

Theorem: Let r = rank(zg). If [Chandrasekaran et al. 2011]

P> 3r(Ny + Ny —7) zo € RV XA
Then 3n € D(xy) with high probability on ®.

— Similar results for |- |12, | - |co-



P/N

95% success
50% success
5% success

0: Stat. dim.

95% success
50% success
5% success

0: Stat. dim.

0 s/N 1 0

From [Amelunxen et al. 20013]






Minimal-norm Certificate

n = ®*q T=T,,
n < D(ZE()) — { PrOjT(n) — e e = €y,
Minimal-norm pre-certificate: 7o = argmin lq|

n=®*q,nr=c¢



mimal-norm Certificate :Ildj

1 = (I)*q 1 = Txo
n € D(xg) = { Proj,(n) = ¢ e = ey
Minimal-norm pre-certificate: 7o = argmin lq|
n=o*q,nr=e

Proposition: One has Mo = (CI%(I))*@ b = ® o Projr
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n = (I)*q 1T = Txo
n < D(ZEO) —> { PI'OjT(n) — e e = €y,
Minimal-norm pre-certificate: 7o = argmin lq|
n=o*q,nr=e

Proposition: QOne has No = (CI%(I))*@ b = P oProjp

Theorem: If ng € 75(5130) and A ~ HwH,

the unique solution x* of Py (y) for y = ®xy + w satisfies

and 2" — o] = O(Jwl) yasger et al. 2015




Minimal-norm Certificate -

n = (I)*q 1T = Txo
n < D(CBO) —> { PI'OjT(n) — e e = €y,
Minimal-norm pre-certificate: 7o = argmin lq|
n=o*q,nr=e

Proposition: QOne has No = (CI%(I))*@ b = P oProjp

Theorem: If ng € 75(5130) and A ~ HwH,

the unique solution x* of Py (y) for y = ®xy + w satisfies

and 2" — o] = O(Jwl) yasger et al. 2015

Fuchs 2004]: J = |- |1. [Vaiter et al. 2011]: J = |D* - |;.
Bach 2008]: J=|-|12and J = |..
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Random matrix: ® ¢ R7*Y, @, ~ N(0,1), i.i.d.

Sparse vectors: J = | - |1.

[Wainwright 2009]
[Dossal et al. 2011]

Theorem: Let s = |xgo- If

P > 2slog(N)
Then 1y € D(x¢) with high probability on ®.
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Then 1y € D(x¢) with high probability on ®.
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transitions: | P ~ 925 log(N/s) VS, 12~ 2310g(]\7)
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Random matrix: ® ¢ R7*Y, @, ~ N(0,1), i.i.d.

Sparse vectors: J = | - |1.

[Wainwright 2009]
[Dossal et al. 2011]

Theorem: Let s = |xgo- If

P > 2slog(N)
Then 1y € D(x¢) with high probability on ®.

Phase L? stability Model stability
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mmpressed Sensing Setting .—_:'E

Random matrix: ® ¢ R7*Y, @, ~ N(0,1), i.i.d.

Sparse vectors: J = | - |1.

[Wainwright 2009]
[Dossal et al. 2011]

Theorem: Let s = |xgo- If

P > 2slog(N)
Then 1y € D(x¢) with high probability on ®.

Phase L? stability Model stability
transitions: | P ~ 925 log(N/s) VS. P ~ 2slog(N)
— Similar results for |- |1.2,] - |« | |oo-

— Not using RIP technics (non-uniform result on xg).



b = szgp( — Ai)
J (@) = |zl

Increasing A:

— reduces correlation.
— reduces resolution.

(I)ZE() ]




b = szgp( — Ai)
J (@) = |zl

Increasing A:

— reduces correlation.
— reduces resolution.

(I)x() ]

|n0, 1

oo

I =1{j\xo(j) #0}
|70,1¢ )00 < 1
=
o € D(xo)

<
support recovery.
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1
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1
When N — 400, support is not stable: N
<>

~ —— c>1.

I70,1¢ Nowdl

Intuition: spikes wants to move laterally.

— Use Radon measures m € M(T), T = R/Z.

Extension of ¢1: total variation HUB,I ¢ |loo
mlvy = sup | g(ax) dm(a)
lgloo<1JT

Discrete measure: my o = ) . a0z,

i >
One has |mg.q|Tv = |a|: Unstable : Stable
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mo € M(T),
Measurements: y = ®(mg) + w where { & : M(T) — L*(T),
w € L(T).
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Measurements: y = ®(mg) + w where { M(T) — L*(T),
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Acquisition operator:

d(m)(z) = /Tgp(w,x’)dm(x’) where ¢ € C*(T x T)
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m() S M(T),
Measurements: y = ®(mg) + w where M(T) — L*(T),

w € LQ(T).
Acquisition operator:

d(m)(z) = /Tgp(w,x’)dm(x’) where ¢ € C*(T x T)

Total-variation over measures regularization:

1
in = [|®(m) —y|* + A
ménﬂ%)QH (m) —y|” + A|m|rv



Mrse Measure Regularization E-E

mo S M(T),
Measurements: y = ®(mg) + w where M(T) — L*(T),

w € LQ(T).
Acquisition operator:

d(m)(z) = /Tgp(w,a:’)dm(x’) where ¢ € C*(T x T)

Total-variation over measures regularization:

1
in  —|®(m) —y|* + A
i 2H (m) —y| ||y

Infinite dimensional convex program.

If dim(Im(®)) < 400, dual is finite dimensional.

AN

If ® is a filtering, re-cast dual as SDP program.



mEM

Measures: min H<I>m y|2 + Mm|ry |75 I ---------------------




Measures:

On a grid z:

min 31%m —y|? + Amlry
min 3@~ y|> + Mal,




Measures: l
™m

On a grid z: Iélin % D.a —y|* + Aa| ‘
S PR

For mg = m, q4,, supp(mo) = o, supp(ag) = I:

Ngp = <I>*<I>?+ sign(ag 1)




Measures:

On a grid z:

np = @7 sign(agy) | | nv = @*TL," (sign(ao),0)”

where I';(a,b) = ZZ a; (-, ;) + b (-, )




mﬂghs vs. Vanishing Pre-Certificates 34

| 2
Measures: nﬁ%lf\l/l B) H<I>m — y” T )‘”mHTV

On a grid z: | min %”(I)za — y|* + Na|:

acRN

NEp = <I>*<I>j”L sign(ao,_r) nv = (I)*F;;)’* (Sign(ao), O)*

where I';(a,b) = ZZ a; (-, i) + b’ (-, x;)

Theorem: |Fuchs 2004]
vaj ¢ I) ‘nF(QjJ)‘ < 17
then supp(ax) = supp(ao)

(holds for |w]| small enough and A\ ~ |w])



mm vs. Vanishing Pre-Certificates E-E

| 2
Measures: nﬁ%lf\l/l B) H<I>m — y” T )‘”mHTV

On a grid z: | min %”(I)za — y|* + Na|:

acRN

NEp = <I>*<I>?7L sign(ao,_r) nv = (I)*F;r(j* (Sign(ao), O)*

where F:,;(a, b) = ZZ aisﬁ('a ﬂfz) + biSO/('a mz)

Theorem: [Fuchs 2004 Thelafré?.é [DuTal‘Z?”ié %013]
To, ,
ItV %I,‘Up(mj)‘ < 1, 0, |11V

then my = my, o, with
then supp(ay) = supp(aop) |lzx — 20]oo = O(|w])

(holds for |w]| small enough and A ~ ||w])



sin(@fetDr(r—a)) ¢ _ g

sin(w(x—x'))

Ideal low-pass filter: p(z,z’) =




Ideal low-pass filter: p(z,z’) =

.-
-
-
-
-
-
-
-
-
-
.
1 1 .- h
-
-
-
-
-
-
.-
. 1.

Solution path A — ay

sin((2fc—|—1)7r(a:—a:’))7 fc — 6

sin(w(x—x'))




k= Numerical lllustration N

Ideal low-pass filter: o(x,z’) = Si]ﬂ((2fc+1)7f(fﬂ—ﬂv’))7 f. = 6.

sin(mw(x—x'))

Discrete — continuous:

Theorem: |Duval-Peyré 2013]

~ 7 T It ny is valid, then a)
N - is supported on pairs of

neighbors around supp(mg).

Solution path A — a | (holds for A ~ ||w| small enough.
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Conclusion

Gauges: encode linear models as singular points.

“Sl'ooo

2 error
Performance measures ol \dlfferent CS guarantees
mode

Specific certificate:
o, NF, N - -

Open problems:
— CS performance with arbitrary gauges.

— Approximate model recovery 1, ~ T, .
(e.g. grid-free recovery)




