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¥ Inverse Problem Regularization =

Observations: y = $xy+ w! RF.

Estimator: x(y) depends only on <

Example: variational methods

X(y) ! argmin[}"y" | x||2]+ !
x! RN 2

Data fidelity ~Regularity

observations vy

parameter A\

- Noise leve Regularity of
Choice of! : tradeo! < .| Reguiarity ot Xo

|wi J (Xo)

No noise:! I 0", minimize x' ! argmin J(x)
x! RQ Kx=y

. Performance analysis.
This course: <: .
Fast computational scheme.
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Analysis Low-rank:
sparsity:

Multi- spectral Imaging:
Xi,a= J =1 AIJ Sj ¢
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Gauges for Union of Linear Models

Convex

Gauge J:RV L R" | R 30rx)= 1 3(x)

Piecewise regular ba ! Union of linear models (T)t: 7

A

JX)= Ix|s T Xt ixasl I)= X I = IxlL
_ T = block = low- T = antl-
T = sparse Spars: T =lowrank T o0

vectors vectors matrices vectors
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IO = {"\Vy,J(y)! )+ (", y —x)}
Frample: J(X) = |X|1
xly= v\ SUPPC) =

-

ARG . I”‘X’
| =supp(x) = {i \ x; #0)} S Gy A ﬁT
Tx ="\ supp() = 1} | I
& = sign(Xx) i

.
Debnition: T, = VectHull( ! J(x))’
11 "J(x) =" Projr (1) = e,
J
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11 sparsity: J(X) = |x]4
ey = sign(x) Ty = {z\ supp(z) ! supp(x)}

N (a) = a/|a]

Structured sparsity: J(X) = | [|Xol
& = (N (Xp))u B Tx = {z\ supp(z) ! supp(x)}

Nuclear norm: J(x) = x|, SVD: x = Ul A
e, = UV T, = UA+BV'\ (AB)! (R"")?

Anti-sparsity: J(x) = |x] | = {i\[xi]= x| }
Tx ={y\ yi ! sign(x,)}
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Noiseless recovery:  min J(X) (Po)

' x=1 Xp

Proposition:
Xo solution of (Pg) " # | $ D(Xop)

Dual certibcates D(Xxg)=Im(! ") ! 1 J(Xp)
Proof: (Po) " min J(Xo+ !)
11 ker(! )

(") #I(xo) # ker(1), J(xo+ ") ! J(xo)+ &, !¢

1 Im(1') =" #",1$=0 ="  xo solution.
Xp solution =!' " I, #,"$! 0 =1 " %ker(!) .
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Tight dual certificates: 1 3 (Xo)
B(xo) = Im(! )1 ri(! J(xo)) |

ri( E) = relative interior of E

= Interior for the topology of a! (E)

Theorem: [Fadili et al. 2013

If 11" B(xo), for " # Jw| one has|x' $ xo] = O(Jw])

[Grassmair, Haltmeier, Scherzer 2010]J = |a|.
[Grassmair 2012]:J(x* ! Xxg) = O(Jw]).

' The constants depend onN ...
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Random matrix: ! ' R™'N_ 1. 1 N(0,1), i.i.d.
Sparse vectors:J = |a .

[Rudelson, Vershynin 200¢

Theorem: Let s = [xolo. If [Chandrasekaran et al. 201:

P! 2slog(N/s)
Then !'! " [M(Xxq) with high probability on ! .

Low-rank matrices: J = | &].
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Random matrix: ! ' R™'N_ 1. 1 N(0,1), i.i.d.
Sparse vectors:J = |a .

[Rudelson, Vershynin 200¢

Theorem: Let s = [xolo. If [Chandrasekaran et al. 201:

P! 2slog(N/s)
Then !'! " [M(Xxq) with high probability on ! .

Low-rank matrices: J = | &].

Theorem: Letr = rank( Xo). If [Chandrasekaran et al. 201:

P! 3r(N;+ Ny! r) Xo € RM!
Then!! " B(xo) with high probability on ! .

' N

' Similar results for |a |2, |&] .
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PN

95% success
50% success
5% success

0: Stat. dim.

sIN 1 O

95% success
50% success
5% success

0: Stat. dim.

From [Amelunxen et al. 20013
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L = 1"q T = Ty,
1 D(XO) - PFOJT('): € = &y,

Minimal-norm pre-certibcate: !0 = argmin |qf
=1 lglr=¢

Proposition: One has !o=(!7!)e [ !+ =1"1Proj;
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Minimal-norm Certificate =

o l=1'q T=T
| | =" Xo
- . D(X()) PrOjT(! ) = € £ = &,
Minimal-norm pre-certibcate: !0 = argmin |qf
=1 'glr=e
Proposition: One has  !'o=(!'7!)e | ! =11 Proj

Theorem: If lg! B(xg) and " " [w],

the unique solution x* of P- (y) for y = | xg + w satisbe
T = Ty, and X1 Xo] = O(lwl) [Vaiter et al. 2013

[Fuchs 2004]:J = |a|. [Vaiter etal. 2011]: J = |D* a}.
[Bach 2008]:J = |af 2 andJ = | &].
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Random matrix: ! ' RP' N1 1 N(0,1), i.i.d.
Sparse vectors:J = | a|.

[Wainwright 2009]
[Dossal et al. 201!

Theorem: Let s= |xglo. If
P > 2slog(N)
Then !o ! [@(xo) with high probability on ! .

Phase L4 stability Model stability
transitions: | P 1 2slog(N/s) | > | P! 2slog(N)

' Similar results for [a L2, |a].]lal .
' Not using RIP technics (non-uniform result on Xg).
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Ix= X! (@& "i)
i
J(X) = Ixl1
Increasing! :

| reduces correlation
| reduces resolutior

[V ol

| ={J \ Xo(J) EO}
toicl <1

'0 !. @(Xo)

support recovery
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Mport Instability and Measures

When N I +" | support Is not stable

Posel I > 1

Intuition: spikes wants to move lateral

¢Z‘H Ll.

' Use Radon measuresn # M (T), -

Extension of I'1: total variation

Im]rv = sup  g(x)dm(x)
gl '1 T
Discrete measure:my, = . &ly, .

One has|myaltv = |a]1

Unstable Stable
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Acquisition operator:

I (M)(x) = T! (x,xYdm(x') where ! | C¥T" T)
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" mg! M(T),
Measurements:y = ! (mg)+ wwhere . | : M (T)" L),
# 2
w! L3(T).
Acquisition operator:
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m:';é&'ﬂse Measure Regularization a'i

" mg! M(T),
Measurements:y = ! (mg)+ wwhere . | : M (T)" L),
# 2
w! L3(T).
Acquisition operator:
L (m)(x)= ! (x,x)Ydm(x') where ! | C¥T" T)

T

Total-variation over measures regularization:

1
min  =J! (m)! y|?+ ! |m
A 2|| (m)! yi Im|rv

' InPnite dimensional convex progran
P Iifdim(iIm(! )) < +# , dual iIs Pnite dimensional

' If I Is a bltering, re-cast dual as SDP progran
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Measures

On a grid z:

min
a! RN

=11 " sign(ag, )

For mp = mza,, supp(Mmo) = Xo, SUpp(@o) = I:

sI'mtylP+ mly

1
51! zal yI?+ !als
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Measures | min 21! m! y2 + ! mlpy [P Ry
m! M

On agrid z: | min 3]! ;al y|*+ ! ]a].

al RN
11 Loaeeen
FOr Mo = M.a,, SUPP(Mo) = Xo, SUPP(0) = |- Y
e =1 signagy) || v =y sign(ag), 0

where!  (a,b) = a! (dx)+ b! '(x;)
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Measures | min 21! m! y2 + ! mlpy [P Ry
m! M

On agrid z:| min 2! ;a! y]*+ !]als

al RN
11 Loaeeen
FOr Mo = M.a,, SUPP(Mo) = Xo, SUPP(0) = |- Y
e =1 signagy) || v =y sign(ag), 0
where!  (a,b) = a! (dx)+ b! '(x;)

Theorem: [Fuchs 2004
U r L e(X) <1,

then supp(a,) = supp(ap)

(holds for Jw| small enough and! ! |w|)




m;;@ghs vs. Vanishing Pre-Certificates :I-E

Measures | min 21! m! y2 + ! mlpy [P Ry
m! M

On a grid z: | min 3]! ;a! y]*+ !]a]s ‘
al RN
I

For mp = mza,, supp(Mmo) = Xo, SUpp(@o) = I:

e =11 sign(ao) ) ly = 1" 5! sign(ap), 0
where!  (a,b) = a! (dx)+ b! '(x;)
Theorem: [Fuchs 2004 Theorem: [Duval-Peyre 2015

i If1t? Xo,|ly (1) < 1,
U r L e(X) <1, then m, 2 ln\;!(,a! with
then supp(ay) = supp( ao) [xi I %ol = O(Jw])

(holds for |w| small enough and! ! |w|)
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m‘merical lllustration .
sin((2 fc+1) ! (x" x*))

Ideal low-pass Pplter:! (x,x') =  fe.=6.

sin(! (x" x*'))

.-
-
-
-
-
-
-
-
-
-
.
| 1 .- |
-
-
-
-
-
-
.-
N [~

Solutic')n:path 1 é!



Mmerical llustration -
sin((2 f¢+1) ! (x" x'))

Ideal low-pass Pplter:! (x,x') =  fe.=6.

sin(! (x" x*'))

Discrete! continuous

Theorem: [Duval-Peyre 201&

7 1 If Iy I1s valid, then a
T P is supported on pairs o

| neighbors around suppy).

Soluticl)n:path || é! | (holds for ! ! |w] small enough
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Conclusion

Gauges: encode linear models as singular point

LCEOLee

2 error
Performance measure< e \dll erent CS guarantee

Specibc certipcatt
POy Fy iV

Open problems
b CS performance with arbitrary gauge:

b Approximate model recoveryT,: ! Ty,.
(e.g. grid-free recovery




