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Overview of the Course

e Course #1: Inverse Problems

¥ Course #2: Recovery Guarantees

¥ Course #3: Proximal Splitting Methods
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Inverse Problems

Recovering 2y € RY from noisy observations

y = dxy+w e R

® : RY — RY with P < N (missing information)
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Ezxamples: Inpainting, super-resolution, ...
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Observations: y = ! 2o+ w! RF.

FEstimator: x(y) depends only or <

Example: variational methods

X(y) € argmin[} ly — <I>x\2J+ A
2eRN |2

Data fidelity —Regularity

observations vy

parameter A\

Noise level Recularity of
Choice of \: tradeoff : VO e | fegularity ol &g
No noise: A — 01, minimize 2* € argmin J(z)
rERE dr=y

Performance analysis.

Thi : ‘
15 COULSE Fast computational scheme.
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Lompressed Sensing

[Rice Univ.]

Photodiode X = * o o : DMD+ALP
circuit = . Board




Lompressed Sensing

[Rice Univ.]

DMD+ALP
Board




DMD+ALP
Board

P/IN=1 P/N=0.16 P/N =0.02



CS Acquisition Model

CS is about designing hardware: input signals f € L?(R?).

Physical hardware resolution limit: target resolution f € RY.

CS hardware



CS is about designing hardware: input signals f € L?(R?).

Physical hardware resolution limit: target resolution f € RYV.

Mmicro

- 9 array N : : P
Zo € L™= resolution [ Lo € R™ —> mlI(‘II;OI‘S —“)y cR

CS hardware
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e Sparsity and L1 Regularization



Redundant Dictionaries

Dictionary ¥ = (¢,)m € R ¥, N > Q.
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. m — .7 g?
Fourier: W = €4 ’m>\fA (4 )
requenc
Wavelets: 9 y scale
Vm = ¢(2_] Rg,x — ) orientation

DCT, Curvelets, bandlets, ...




Dictionary ¥ = (¢,)m € R ¥, N > Q.
m = (7,0,n)

FOU.I'ieI’I ¢m — ei<'v m> \
frequenc -
Wavelets: q Y scale position
wm — ¢(2‘3 Reeﬂf — n) orientation

DCT, Curvelets, bandlets,

Synthesis: f =) xn{, = V.

Coefﬁments z Image f =Yz
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arse Priors

Ideal sparsity: tor most m, x,, = 0.

Jo(z) =#{m \ zp, # 0}
Sparse approximation: f = Wx where

argmin | fo — Uz|* + T%Jy ()
reRN

Orthogonal ¥: U*W¥ = UU¥* = Idy U B
_{ (for t'm) if [(fo, ! m)| > T, v
Tm —

0 otherwise.

f=115117(fo)

Non-orthogonal W :
— NP-hard.




“Ideal” sparsity prior:  Jo(x) = #{m \ x,, # 0}

® Jy(x) =0 — null image.
Image with 2 pixels: ® Jo(x)=1 —— sparse image.
e Jo(r) =2 — non-sparse image.
L2
L1
[ _



Convex Relaxation: L1 Prior

“Ideal” sparsity prior:  Jo(x) = #{m \ x,, # 0}

® Jy(x) =0 — null image.
Image with 2 pixels: ® Jo(x)=1 —— sparse image.
e Jo(r) =2 — non-sparse image.
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“Ideal” sparsity prior:  Jo(x) = #{m \ x,, # 0}

null image.
sparse 1mage.
non-sparse 1mage.

Image with 2 pixels:

L2
A
S # > i > - >
O
q=70 q£1/2 q:3/2 gq=2
19 priors: J, () (convex for g > 1)

¢! norm: ¢4 norm the “closest” to the ¢° ideal sparsity.

Sparse ¢! prior: Ji(z) = Z | T

m
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m}egularization

20! RN
coeflicients

€

fo =Tz, € R?
image

d=K!y" RN

y=~Kfo+we RY
observations

Sparse recovery: f* = Wx* where x* solves

min
reERN

1
"Ny — Prl?
ly - @l

Fidelity

_I_

Alz ]

Regularization



Noiseless measurements: y = ®x

x' €argmin  [Xp|

| =y m



Noiseless measurements: y = ®x

x' € argmin X | r* € argmin Z T |?
Ve=y dr=y



mseless Sparse Regularization __a__

Noiseless measurements: y = ®x

x' € argmin X | r* € argmin Z T |?
Ve=y dr=y

Convex linear program.
—> Interior points, cf. [Chen, Donoho, Saunders] Obasis pursuit

—>» Douglas-Rachford splitting, see [Combettes, Pesque



Noisy measurements: y=1XoT+W

-
1
r* € argmin|— [y — | :L‘\ZJ + 1 |z|1
rERR k2
Data fidelity Regularization



Noisy measurements: y=1XoT+W

-
1
z” € argmin| = |y — ! :U\Z] +! [z
reRQ@ (2 . Equivalence
Data fidelity Regularization £ )\

r € argmin |x|4
[exty ]t




msy Sparse Regularization -

Noisy measurements: y=1!Xo+Ww

p
1
z” € argmin| = |y — ! iv\z] +! [z
rERQ “\2 Equivalence
Data fidelity Regularization £ )\

r' € argmin |x|;
[Bx1 y[! "

Algorithms:

— Iterative soft thresholding
r Forward-backward splitting

see [Daubechies et al], [Pesquet et al], €

—> Nesterov multi-steps scheme
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Measures: y=Kfy+w

Sobolev, 20.8dB Wavelets orth, 16.6dB  Wavelets T1, 23.6dB




