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Motivation
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Homology with Z-coefficients

€1 text+e3t+eqst+es+ep

{617 €9 , €3 ,€4, €5 , €4 y C T }
K?: set of p-simplices of K { f, -~ ,\ ,x ,‘/,\ oo}
C,: Abelian group of formal sums

of p-simplices w1th.coefﬁ01ents

0, : C, = C,_1: Boundary operator o, Q /

H, = ker 9,/ im 0,4, Oy la,b,c] = [ab] — bc + [cal
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Homology and Torsion
Fundamental theorem of finitely generated abelian groups:

H,y(Z) = 2% D (qul@--wzqkt(

q prime

) vs Hy(F) = F#(7)

P.q)

> Bp(Z) and Bp(F) are Betti numbers: p(Z) # Bp(F) in general
» k; > 0 and t(p, g) > 0 over all prime numbers ¢
> if t(p,q) # 0, g --- g~te.w) are torsion coefficients

Ly
(N
SR
—
\\“ ——
——

Klein bottle:
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Homology and Torsion

Hy(2) = 272 P <qu1 .

Ho(Z)
H.(Z)
Hy(Z)

q prime

Z  po(Z)=1
LoLy pi(Z)=1
0 B2(Z) =0
Zo  Po(Z2) =1
(Z2)2 B1(Zs) =2
Zo  Ba(Z2) =1
Zz  Po(Zs) =1
Zs  Pi(Zs) =1

0 Ba(Z3)=0

® qut(p,q)> VS Hp(]F) — FBP(F)

Klein bottle:
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Homology and Torsion

Hp(Z) = z%%) @ <qu1 ©o D qur(p,q)> vs Hp(F) = A ()

Ho(Z)
Hi(Z)
H>(Z)

q prime
Z Bo(Z) =1
YASY) [31(2) =1
0 Ba(Z) =0
Zo  fo(Zz) =1
(Z2)®  Bi(Zo) =2
Lo  2(Zz) =1
Zz  fo(Z3) =1
Zz  pi1(Z3) =1
0 B2(Z3) =0

Klein bottle???

0.0 777
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Homology and Torsion

Hp(Z) = z%%) @ <qu1 ©o D qur(p,q)> vs Hp(F) = A ()

Ho(Z) = Z Bo(Z) =1  Klein bottle:
Hl(Z) = Z®7Zy Bl(Z) =1
Hx(Z) = 0 Ba(Z) =0
Ho(Zp) = Zp  Po(Zz)=1
Hi(Z2) = (Z2)® Bu(Z2) =2
Hy(Zo) = Zo  po(Zo)=1
Ho(Z3) = Zs po(Z3)=1
Hi(Z3) = Z3 pi(Z3)=1

Hy(Z3) = 0 B2(Z3) =0
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Remember Persistence?

Very useful!

Q L General

Stable w.r.t noise
> T Efficient Algorithm
O
> f Strictly restricted to
ooooo FIELD coefficients!

ooooo

(algebraic reason)
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Remember Persistence?

OA Death4® oA
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ceL Birih -
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Remember Persistence?

Q N Death | °

. Birth
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Remember Persistence?

Q OOA Death | ol
vyl
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Remember Persistence?

~

Q N Death |

)
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Multi-Field Persistence Diagram
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Multi-Field Persistence Diagram

.&Vu’a—— Clément Maria - Multi-Field Persistent Homology December 17, 2013- 16



Multi-Field Persistence Diagram

1 [
g Loy
T a only in Zo
1 t a only in Zs
| 1 e in Zy and Z3
1 Zs I I I I
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Multi-Field Persistence Diagram

1 [
g Loy
T a only in Zo
1 t a only in Zs
| 1 e in Zy and Z3
1 Zs I I I I
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Homology Group Reconstruction

We compute the Multi-Field Persistence Diagram for the fields:
{Zq,,- - ,Zq,} for the family of first r distinct primes q1,---,qr
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Homology Group Reconstruction

We compute the Multi-Field Persistence Diagram for the fields:
{Zq,,- - ,Zq,} for the family of first r distinct primes q1,---,qr

Suppose we know 3,(Zg,),V1 <'s < r (with Hp(Zg,) = ng(qu))_

Hy(Z) = 7% 69q prime (qul ®---D qut(P»q))

Bp—1(Z , e ’
TPp 1( ) @q prime (qul D @ qut(pl,q))

I
S
L
C
2
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Homology Group Reconstruction

We compute the Multi-Field Persistence Diagram for the fields:
{Zq,,- - ,Zq,} for the family of first r distinct primes q1,---,qr

Suppose we know 3,(Zg,),V1 <'s < r (with Hp(Zg,) = ng(qu))_

Hy(Z) = 7% 69q prime (qul ®---D qut(P»q))

Hp—l(Z) 78p—1(Z) @q prime (qu{ DD qu;(pl’q))

1

The Universal Coefficient Theorem of Homology allows to
compute Hy(K,F) from Hy(K,Z) and Hp—1(K, Z).
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Homology Group Reconstruction

We compute the Multi-Field Persistence Diagram for the fields:
{Zq,,- - ,Zq,} for the family of first r distinct primes q1,---,qr

Suppose we know 3,(Zg,),V1 <'s < r (with Hp(Zg,) = ng(qu))_

Hy(Z) = 7% 69q prime (qul ®---D qut(P»q))

Hp—l(Z) 78p—1(Z) @q prime (qu{ DD qu;(pl’q))

1

The Universal Coefficient Theorem of Homology allows to
compute Hy(K,F) from Hy(K,Z) and Hp—1(K, Z).

With g, “big enough”, we partially reverse the computation:

t(p, qs) = Bp(Zq,) — Bp(Zq,) — t(p — 1, qs)
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Z2*

Z3

® in Z, and Zs
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Homology Group Reconstruction
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Multi-Field Persistence Diagram

We compute the Multi-Field Persistence Diagram for the fields:
{Zq,,--Zgq,} for a family of distinct primes q1,--- , g,

with g, strict upper bound on the primary divisors of torsion
coefficients.

HP(Z) ~ Z/BP(Z) @ (qul DD qut(P,q)>

q prime
Let:
» K be a filtered simplicial complex with m simplices
» |D(K,F)| = ©(m) be the number of points in the persistence
diagram for any F (field) coefficients

» |D(K,Zg, - - Zg,)| be the number of distinct points in the
superimposition of diagrams D(K,Z,),---D(K,Z,)
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Multi-Field Persistence Diagram

Death

o

Usually: | 202 238 Ty
> g1, - ,q, are the first r prime il

numbers, and r < 100

> mis huge! T @ ouly in Z,
~ 500 A onlyinZ
> m= |D(K F)| 1le @2 ® inZs and323
D(K.Zg, -+ Zg)| < r x m

| Birth
T T T T

We design algorithms such that:

O(f(ID(K,F)])) becomes O(f(ID(K,Zq, -~ Zq,)|) x A)

for some small A.
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Modular Reconstruction
for Gaussian Elimination
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Remember the Persistent Cohomology Algorithm?

NN A AL L

to t1 to t3 ty ts tg ty

’Coglcl glc?

N

Kye € Ky € K5 C K¢ € Ky

» Insert the simplices in the order of the filtration

» Update the cohomology groups accordingly
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Multi-Field Persistent Cohomology

Algo overview in Zg Ao
I Dopn - 1 = J6+1
1 ”
€
( q 0+#
. =0/ y,., 0 Inverse in 0
9 oty 0 01 Z, 0
[ : \ B i
J
o yy = (x1) ar
" Z 0 ¢j <~ (?bj - (aagiﬂ[ ]Ck ) X ¢k

TEDTi41 K» ¢r [0—0[NJ0-0[J0—0

£0

P,
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Multi-Field Persistent Cohomology

Algo overview in Zg oy
Gaussian Elimination in a field
0011 " 91 05+1 A
ol - .
€

( q 0 #
. =0[ y, ., 0 Inverse in 0
(2 [ (‘)r . - 01 Zq i

o SN -

S j

o _Te%;f;l) K, &, [C=ORIEORI=0R ] | 5 < ¢ — (aaﬂi+1 [j]c,?l) X g@
70,
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Multi-Field Persistent Cohomology

Multi-Field? < Algo in|Zq, X -+ X Zg,| ~ “00

o1 G'7j+1
do;
T1 i Tn 1/)1 0
&
( €|Zq1><---><ZqT
=0l u,., 0 0
P, oy 0 01 :
1 Tj Tn 1
1 Vi
J
doyy = (*1)ar
e § 65 65— (a0nlileE") X

TEDTi41 K» ¢r [0—0[NJ0-0[J0—0

£0

¢gp
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Multi-Field Persistent Cohomology

Multi-Field? <= Algo in Zg, X -+ X Zg, ~ %0

(Ufla'” 7u7'> X (Ula'” 71}7‘)_'—(“}17'” 7w'r)
= (uy X v +wy, -, U X v+ w,)

o1 Oit+1
do;
T1 i Tn 1/)1 0
61
€ Ly, X =+ X Ly,
=0l u,., 0 0
g oiq 0 01 ;
T1 T Tn 1
1 )
vj

-

oo,y = (*1) ar ——
22 \ o0 [T 05 05 — (aoma i) x
#0

P,
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Multi-Field Persistent Cohomology

Multi-Field? <= Algo in Zg, X -+ X Zg, ~ %0

(Ufla'” 7u7'> X (Ula'” 71}7‘)_'—(“}17'” 7w'r)
= (uy X v +wy, -, U X v+ w,)

o1 Oit+1
do;
T1 i Tn 1/)1 0
61
€ Ly, X =+ X Ly,
=0l w,., 0 0
Pay oy 0 01 :
T1 T Tn 1
1 )
]

-

9o,y = (*1) ar ——
Teg;m K» o [0 OR 00 Pj — ¢j — (aagm[ ey, ) X Qg
#0

P,
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Multi-Field Persistent Cohomology

Multi-Field? <= Algo in Zg, X -+ X Zg, ~ %0

(Ufla'” 7u7‘> X (Ula'” 7UT‘)+(w17'” 7w?”)
= (uy X v +wy, -, U X v+ w,)

0041
T1 Tn

)

%,

0
T1 Tj Tn —
[ Vi
J
oo = (1)

e\ o [ ¢ < ¢ — (ao0liler ") X o
£0
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Multi-Field Persistent Cohomology

Multi-Field? <= Algo in Zg, X -+ X Zg, ~ %0

cr = (U1, ,u) with us lowest # 0 of ay,
in Zg, for s € S C [r]

0041
T1 Tn

)

%,

0
K |
! 7 Tn o
1 Vi
— +1) a ’
90i41 Z(—l) ¢j — ¢j - (a30i+1 [-7] X Ok

r€doii \ o [0 TOR 00
#0

¢gp
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Multi-Field Persistent Cohomology

Multi-Field? <= Algo in Zg, X -+ X Zg, ~ %0

cr = (ug, -

,Ur) with us lowest # 0 of ag,

\ \ in Z,, for s € S C [r]
0041 . .
n e A . 1 partial inverse
o (@ w”) = ot S
5 _ u;l if se S | Ck|
g, y 0 O0.W. 0
K |
1 Tj Tn —
1 Vi
j
ooy = *+1)ar A
! Te;:“(l ) NP e oz oz 1) R R 2 R (aaom[J] X P

.&bzﬂ’a—— Clément Maria - Multi-Field Persistent Homology

December 17, 2013- 35



Theorem (Chinese Remainder Theorem)

For a family q1,--- , q, of r distinct prime numbers, there is a ring
isomorphism

Vi Lg XX Lg, — Lgx-.xq S-t. the restriction

VX Zg XX Ly — Z;X“.er is a group isomorphism.
for

> Zg x-..xq, With pointwise addition/multiplication

> R* the multiplicative group of invertible elements of ring R

Moreover, v is easily constructible.
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Multi-Field Persistent Cohomology

Multi-Field? < Algo in |Zg, x...xq, 011

o1 Tit1
do;
T1 i Tn 1/)1 0
®1 (
.
q1 X Xqr .
Ck
= 0 wgﬁ+l 0 0
9o oty 0 01 :
1 T Tn 1
1 Vi
J
ooy yy = (*1)ar
L ) &5 ¢ — (a0l x 0

€811 K» ¢ [0 0NJ00IRJ0-—0

£0

¢gp
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Multi-Field Persistent Cohomology

Multi-Field? < Algo in |Zg, x...xq, oy
¢<u17"' 7UT) X ¢<U1,"' 7UT> —|—¢<U}1, 7w7”>

= (ug X vy +wi, - U X v+ w,)
o1 Oit+1
0011 " 0

T1 Tn

01
( € e

=00, 0 0
bq, oy 0 01 :
T1 T Tn _O'
Lo Vi
J
ooy = (il) ar
’ Z 0 ¢] < (rbj - (aang[ ]Ck ) X ¢k

TEDTi41 K» ¢r [0—0[NJ0-0[J0—0
#0

¢gp
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Multi-Field Persistent Cohomology

Multi-Field? < Algo in |Zg, x...xq, oy
¢<u17"' 7UT) X ¢<U1,"' 7UT> —|—¢<U}1, 7w7”>

= (ug X vy +wi, - U X v+ w,)
o1 Oit+1
0011 " 0

T1 Tn

01
( € e

=0] y,., 0 0
Bgp oy 0 01 :
T1 T Tn _O'
Lo Vi
J
9oy = (*1) ar ——
’ Z 0 ¢] < (rbj - (aang[ ]Ck ) X ¢k

TEDTi41 K» ¢r [0—0[NJ0-0[J0—0
#0

¢gp
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Multi-Field Persistent Cohomology

Adoyyq

Multi-Field? — Algo in |Zg, x...xq,

cr = P(ur, -+ ,u) with us lowest # 0 of ag,
in Zg, for s € S C [r]

0011
T1 Tn

)

%,

0
0
ks T Tn —
1
> (1) I
A0y = “1)ar ¥
a ¢j — (,25]‘ - (a30¢+1 [.]] X ¢k

rOoiis \ o1, [0l [ONT—0
#0

¢gp
VA2
TLaA— Clément Maria - Multi-Field Persistent Homology December 17, 2013- 40
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Multi-Field Persistent Cohomology

Multi-Field? — Algo in |Zg, x...xq, 9oy,
cr = P(ur, -+ ,u) with us lowest # 0 of ag,
\ \ in Zg, for s € S C [r]
e, Al . _1 partial inverse
“ (@) = 60wt §
5 _ u;l if se S i
g, S 0 0. W. 0
1 K Tn _O'

K .
doyy = Z (*1)ar

.é&u’a—-

TEDTi41

\]

B VEEZI0) N (UXE0) N VXX

-

¢j — (rbj - (aanJrl [.]] X ¢k
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Partial Inverse Construction

Define Qs = > .5 qs for S C [r]. We prove that:

Data: x, Qs
Qr < gcd(x, Qs);  via the euclidean algorithm: O(A.(Q));
QT + Qs/Qr;
v + EXTENDED-EUCLIDEAN-ALGORITHM(X, Q7);  such that;
vx + wQt = 1;
v < v mod Qr;
Lt «+ D(Q7); some preprocessed constant;
X° (v x L7) mod Q;
return 75;

computes the partial inverse of x w.r.t. S.
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Partial Inverse Construction

Define Qs = > .5 qs for S C [r]. We prove that:

Data: x, Qs
Qr < gcd(x, Qs);  via the euclidean algorithm: O(A.(Q));
QT + Qs/Qr;
v + EXTENDED-EUCLIDEAN-ALGORITHM(X, Q7);  such that;
vx + wQt = 1;
v < v mod Qr;
Lt «+ D(Q7); some preprocessed constant;
X° (v x L7) mod Q;
return 75;

computes the partial inverse of x w.r.t. S. Cost: O(A) in Zg,...q,
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3

Complexity Analysis
and Experiments
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Arithmetic Complexity

» For an integer z, let A\(z) = |log, z/w] + 1 the number of
w-bits memory words to store z.

> Let @ = g1 X --- X g, be the product of the first r primes
» For B = A(z), we have:

e Addition A, (z) = O(B)

e Multiplication A, (z) = O(M(B))

e Division A (z) = O(M(B) log B)

with M(B) = O(Blog B 20(log" B))

Moreover:

MQ) < +1
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Complexity Analysis

Algo overview in Zg oy
Complexity: O(|D(K, Zg)| x [Ca, + Cql)
I dopn Tn Uy = Jé+l
o1
( c Zq 0 +#
=0[ y,., 0 Inverse in
bg, oty 0 01 Zq

0
T 0]
o —
J
Aoy = Y (+1) a7 — T

¢j — ¢j - (a’aaﬁ—l[ ]ck ) X ¢k|

rEdmi K’ 61, [0 ]0—=0
Cop A #0 Ca_A

0 By
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Complexity Analysis

Algo overview in Zg, x...xq, @00is1
O(D(K, Zy, -+ Zg,)| X [Cay +Ci] X A
I dopn Tn Uy = Jé+l
é1
( € Ly e,
=0 ., o | Partial inverge [0
O iy O 01
T1 7']' Tn _0.
ES + ar p—— ]
o TE@Z’H(:U K’ o [0—0[SJ0-0[\]0---0["]0 ¢j — ¢j B (aam-H[ ]ck 1) X ¢k|
Cop A #0 Ca_A

ay bg,
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Experiments

30
5,000 {{e modular reconstruction ‘ B
] naive % o
4,000 {1 & ratio % % % B
I it
i 3,000 - % % S
2 : : g
S 2,000 - ; ) 112
i ]
L]
1,000 = =6
0 \'?'?'?'?'?'\"'?‘?"\O
0 2 4 6 8 10 12 14 16 18 20

number of primes r

Figure: Timings for the modular reconstruction algo vs naive.

O(D(K, Zay - Z,) | X[Cay +CaI¥A)  vs  O(rx|D(K, Zg)|x[Cay+Co))
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Conclusion
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Why Multi-Field Persistence?

Not for today but: we also have
» Multi-Field Bottleneck Distance between diagrams
> Generalized algorithm for maximal point set matching

» Efficient algorithm in O(m’3/?log m’ \/tA) (instead of
O(m®/?log m))

g g
o) s {,3lme — {1,3,4}
- e« {1}
{2
{1,2}—»
{1}
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Why Multi-Field Persistence?

The Multi-Field Persistence NI
Diagram T -
3
» is more accurate: LB Los WZQ*
characterizes torsion T
» admits a fast construction
. T m ouly in Z,
algorithm o a only in Z
» admits a generalized L = o inZand Zy
bottleneck distance with a
fast algorithm : : : b

Code available soon.
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Thank you!

Question?
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