Convex analysis and optimisation

September 28, 2023

Contents

2 Convex functions|

2.1 Defimition and first properties| . . . . . . . . .. ... L.
[2.2  Continuity of convex functions| . . . . . .. . .. . .. ... ... ..

2.4 Convex conjugate] . . . . . . . . . . ...
2.5 Application: Existence of mimimizers| . . . . . . . . .. ... ... ..

B Subdifh =

[3.2  Gateaux and Fréchet difterentiability| . . . . . . . . .. ... ... ..
3.3 Definition of the subdifferential and first properties| . . . . . . . . ..
3.4 Subdifferential calculusf. . . . . .. ... o000
3.5 Application: optimality conditions| . . . . . .. ... ...
[3.6  Difterentiability almost everywhere| . . . . . . . . . ...

Proximal operator]|

4.1 Definition and properties|. . . . . . . . . ... ..
4.2  Proximal pomnt algorithm| . . .. ... ... ... ... ... .....
4.3 Proximal of the convex conjugatel . . . . . . . ... .. ... ... ..

B

Convex duality|

[5.1 Perturbations of convex problems| . . . . . . . .. ... ... ...
5.2 Application: Lagrangian duality|. . . . .. . ... ... ... ... ..
5.3  Application: Fenchel-Rockatellar’ theorem| . . . . . . . ... ... ..
5.4 Application: duality in optimal transport| . . . . ... ... ... ..

O 00 O = W W

12
12
13
16
19
21

25
25
26
27
30
34
37

42
42
43
46



|IA Topology and functional analysis| 57

|A.1 Point-set topologyl . . . . . . . . . ... ..o 57
|A.2 'lopological vector spaces| . . . . . . . . . ... L. o8
[A.3 Continuous linear formsl . . . . . . . . .. ... L. 29
|A.4 Weak and weakx topologies| . . . . . ... ... ... ... ... .. 59
[B_Exercises| 66
[B.1 Chapter 2/ . . . . . . . . .. 66
[B.2 Chapter 3] . . . . . . . ... 68
IB.3 Chapter 4] . . . . . . . . . 69
[B.4 Chaptero| . . . . . . . ... 71
[B.5 Chapter 6] . . . . . . . . . .. 71




1 Convex sets

Most of the statements of this course hold when X is a normed space i.e. a vector
space endowed with a norm |||| which endows X with a topology. The closed ball of
radius around a point z is then denoted B(z,7) = {y € X' | ||l — y|| < r}, and the
topology is induced by the metric d(z,y) = || — y||. In particular, the results of this
course can be applied to R?, to Hilbert spaces, and to Banach spaces.

However, it is often the case that our statement hold in the more setting of (locally
convex) topological vector spaces, which is particularly adequate when one wants to
consider weak/weakx topologies, which are important in some applications in infi-
nite dimension (e.g. calculus of variations, optimal control, or optimal transport),
because they allow to define weak topologies, which are useful to prove existence
to optimization problems. We propose a short introduction to these notions in Ap-

pendix [A]

Definition 1 (Locally convex topological vector space). A topological vector space is
a vector space X endowed with a topology which makes addition of vectors (z,y) €
X?%+— z+y € X and multiplication by a scalar (A, z) € Rx X + Ar € X continuous.

A topological vector X is called locally conver if there exists a family B of convex
open sets containing the origin such that for all neighborhood O of the origin, there
exists a basis set w € B such that w C O.

Any normed space is a locally convex topological vector space, and most of the
course can be understood knowing only normed spaces, by replacing “(locally convex)
topological vector spaces” with “normed space” in all statements.

1.1 Convex sets

Definition 2 (Convex set). A subset K of X is called convez if and only if for any
z,y € K, the segment [z,y] = {(1 —t)x +ty | t € [0,1]} is included in K.

Example 1. Elementary examples of convex sets include

e open and closed balls in normed vector spaces,

e hyperplanes, i.e. sets of the form {x € X' | ¢(x) = a} for some linear function
¢ on X and some a € R,

¢ affine subspaces, i.e. intersection of hyperplanes,

e halfspaces, i.e. sets of the form {z € X | ¢(x) < a} for some linear function ¢
on X and some a € R,

e intersection of halfspaces, which are called polyhedra if one take a finite inter-
section of halfspaces,

e the space of symmetric positive definite matrices,

e sublevel sets {v € X | f(x) > a} or epigraphs {(z,t) | ¢ > f(z)} where
f: X — Ris a convex function and a € R.

Definition 3 (Convex hull). The convezr hull of a set A C X, denoted conv(A), is
the smallest convex set containing A.



Proposition 1. The following properties hold
(1) If (Ko)aca is family of convex sets, NpecaKa is convex
(ii) If K C X is conver and L : X — Y is linear, then L(K) is convex.
(iii) If K C X is conver and L : Y — X is linear, then L™1(K) is convex.
(i) If K C X, L CY are conver, then K X L is convex.
(v) If K, L C X are convex, then K ® L is convez.
(vi) conv(A) is the intersection of all convex sets containing A.

(vii) conv(A) = {Zle oz | k>12,€ A, o > O,Zle a;p = 1}.

Proof. Exercise. O

1.2 Hahn-Banach theorem

The most important tool of this course is the representation of closed convex sets as
intersection of closed half-spaces, which is the basis of subdifferential calculus, of the
duality theory of Fenchel and Rockafellar, etc. This representation relies mainly on
the Hahn-Banach theorem.

Definition 4 (Sublinearity). A function p: X — R is sublinear if it is
(1) 1-homogeneous: for any = € X and A > 0, p(Az) = Ap(x);
(ii) subadditive: for any z,y € X, p(x +y) < p(x) + p(y).

Example of sublinear functionals include norms over the space, or more generally
gauges of convex sets.

Definition 5 (Gauge). The gauge — also called Minkowski functional — of a convex
K C X convex is the function pg taking value in RU {400} defined on X

pr(x) =inf{r > 0|z € rK}.

Theorem 2 (Hahn-Banach). Let X' be a topological vector space and let p be a
continuous sublinear function on X. If E is a linear subspace of X and if f is a
linear function on E satisfying f < p, then f can be extended into a continuous
linear form f € X* which also satisfies f <p.

We refer to Brézis [Brel(] for a proof of the Hahn-Banach theorem in the case
of general vector spaces (which also does not require that p is continuous), while we
prove it only in the case where X is separable (i.e. X contains a dense subset), which
makes the proof more constructive.

Proof. Let (vi)i>1 be a countable dense subset of X', and define by induction Ey = E
and E; = span(E;_1,v;).

Step 1: Extension of f from F;, | to E;: We first show how to construct a linear
extension f; of f on E; satisfying f; < p, assuming that f;_; is already constructed.
If v; belongs to E;_1, one has E; = E;_1 and there is nothing to do. If not, for any
a € R we can define a linear function f; , on E; by setting

Vo € Ei1,Vt €R, fi ol +tv;) = fio1(z) + ta.



We now need to choose a so that f; o < p. Equivalently, we want

Ve € E;_1,Vt € R, fi_l(x) +ta < p(.%' + tei)
x t x t

— Vx € Ei—h fi_l(w) +a< p(l’ + ei).

We used the homogeneity of p to go from the first to the second line. This is again
equivalent to « satisfying

sup fi—1(w) —p(x —e;) <a < inf p(y+e;) — fic1(y).
rzelk; 1 yeE; 1

Thus, such an « exists if the supremum is less than the infimum, i.e. if

V(z,y) € Ei-1, fi-1(z) —p(z —€;) < p(y +ei) — fi-1(y)
= V(r,y) € Eiy, fii(x+y) <ply+e)+plx—e)
—=V(z,y) € Ei_1, fici(z +y) <plz+v),

where the last implication is deduced from the subadditivity of p. Since f;—1 < p, we
can backtrack the chain of implications to deduce the existence of @ € R such that
fi,a < p. In practice, one can set

a= inf p(y+e)— f(y) > —p(—e;) > —o0.
yeE; 1

Step 2: Extension of f to X The previous constructions allows to construct a
extension f . F — R of f to the linear subspace E = U,E; satisfying f < p. The
subspace F contains the vectors (vi)i>1 and is therefore dense in X'. To extend f to
X, we will use the continuity of p. We first notice that by assumption

—ply —z) < flz —y) <plz—y),
implying that
[z~ )| < max(p(z — y)], oy - 2))). 1)

Using the continuity of p, this inequality shows that if (x,,) is a sequence of points of E
converging to some x € X, then (f(x,)) is a Cauchy sequence in R, thus converging.
The same inequality also proves that if two sequences (z,), (y,) of elements of E
converge to the same point z € X, then lim, .. f(xn) = limy 100 f(yn). We
denote f (z) the common limit. The function f also satisfies the inequality ()}
proving its continuity. O

1.3 Linear separation

The topological dual of X is the space of all continuous linear functions on X', and
is denoted A*. The elements of X'* are denoted with a star, e.g. z* € X", and
we denote the pairing between X* and X using the notation for scalar product, i.e.
(x* | ) := x*(x), to underline the similarity with the case of Hilbert spaces.



Definition 6 (Separation). Two sets K, L C X are continuously linearly separated,
or separated for short, if there exists a non-trivial continuous linear form z* € X*\{0}
such that supg(z* | -) <infr(z* | -). If the inequality is strict, we will say that the
sets are strongly separated.

Corollary 3. Let X be a topological vector space, K an open convex subset of X and
z€ X\ K. Then K and {z} are separated.

Lemma 4. Let K C X be a convex neighborhood of the origin. Then the gauge pi
is sublinear and continuous, and K C {pg < 1}.

Proof. The sublinearity of pg is left as an exercise, we only show the continuity. By
definition of the gauge, we easily see that |px(x)| <1 for all z in K. Then, for any
e > 0, we have |px| < € on €K, implying the continuity of px at the origin. We
now use the sublinearity of px to extend the continuity to the whole space X. Given
x,y € X, we have

{pK(I) =px(x—y+y) <pr(z—y) +pxy)
pr(y) =pr(y— 2 +2) <pr(y — ) + pr ()

implying that [px(y) — px(z)| < max(px(z — y),px(y — x)). Let € > 0, and let
K' =z +e(KN—-K). Then K’ is a neighborhood of z and |px(-) — px(z)] < & on
K’, thus showing the continuity of px at z. O

Proof of Corollary[3 Translating if necessary, we assume that K contains the origin
in its interior, and we consider its gauge px. Let F = Rz, and define f(tz) :=t on
E. Since z ¢ K, px(z) > 1 = f(2), from which we deduce by positive homogeneity
that f(tz) < pg(tz) for t > 0. For t < 0 we have f(tz) =t < 0 < pg(tz). Thus,
f < pk on E. By the Hahn-Banach theorem, we get the existence of a continuous
linear extension f of f such that f < prg on X. Moreover, for all x € K, we
have f(z) < px(z) < 1 = f(2), thus showing that K is separated from {z} by a
continuous linear form, which moreover is nontrivial since f(z) = 1. O

A simple argument using the Minkowski sum allows to separate two convex sets,
one of which is open. We recall that the Minkowski sum A ® B between two sets is

AeB={zr+y|z € Aye B}

The Minkowski difference is defined similarly as A& B:={z+y | x € A,y € B}.
The Minkowski sum of two convex sets is convex (exercise).

Corollary 5. Let X be a topological vector space and let K and L be two disjoint
conver subsets of X, such that L is open. Then, K and L are separated.

Proof. We consider the Minkowski difference between K and L, M = K © L,

M={z-y|lzeKyelLl=|J(K-y),
yeL



which is open (as a union of open sets) and convex as already noted. Since K and
L are disjoint, M does not contain z := 0 in its interior. By the previous corollary,
we get the existence of z* € X* such that

Vee M =K@ (—L),(a"|z)<(z*|2)=0
This directly implies that K and L are separated by z*. O

Corollary 6. Let X be a topological vector space and let K and L be two convez
subsets of X. Assume that there exists an open convex neighborhood V' of 0 such that
(K@ V)NL=0. Then, K and L are strongly separated.

Proof. We first note that the set K @ V is convex (at the sum of convex sets) and
open (as in the proof of the previous corollary). Thus, by the previous corollary, we
can separate K @& V from L, i.e. there exists z* € X*\ {0} so that

sup (x* | z) < inf (z* | y).
TEKDV yeL

In addition, one easily sees that

sup (2" [ ) = sup(z” | z) + sup(z” | y).
e KpV TeK yev

Since x* # 0, there exists v € X such that (z* | v) # 0, and replacing v by —v
if necessary, we can assume that (z* | v) > 0. Since the set V is open and since
0 belongs to V, for t > 0 sufficiently small, tv must also belongs to V. Thus,
supyey (z* | y) > t(z* | v) > 0: this shows the strong separation. O

Corollary 7. Let X be a locally convex topological vector space and let K and L be
two convex subsets of X, and assume that K is compact and L is closed. Then, K
and L are strongly separated.

Lemma 8. In a topological vector space, if X is compact and Y is closed, then the
Minkowski sum X @Y 1is closed.

Proof of Lemma[8, Normed spaces. Let z, be a converging sequence of points in Z =
X®Y, so that z, = x, + yn with z,, € X and y, € Y. We denote z the limit of
(2n)n>1. By compactness of X, taking a subsequence if necessary, we can assume
that the sequence ($n)n21 converges to some x € X. The relation 2z, = z, + yn
then implies that the sequence (y,)n>1 converges to some point y = z — x, and
by closedness of L, the point y belongs to L. In conclusion, z = = + y belongs to
Z=X®Y ®(—L) and M is closed. O

Proof of Lemma[8, Topological vector spaces. Let z ¢ X ®Y . Then, for every z € X
we have z — x ¢ Y, implying by closedness of Y that there exists an open set O,
so that z — 2z € O, and O, NY = (. By continuity of the substraction, there
exists opens set B, containing x and U, containing z such that (U, © B;) C O,
so that (U, & B,) NY = (. The sets (By)zecx cover the compact set X, so that by



compactness, one may extract a finite family x1,...,xxy € X s.t. |J; By, contains X.
Then U = N;U,,; is an open set containing z and such that

(UeX)NY C (U@UB;“) nY €| JWs, © Bx,) NY =0,

thus implying that U N (X @Y) = (). This shows that (X @ Y) is closed. O

Proof of Corollary[7. We first notice that thanks to the previous lemma, K © L =
K& (—L) is closed, and by hypothesis it does not contain the origin. Therefore, there
exists an open set V such that VN (K © L) = (). Moreover, since we assumed that X
is locally convex, we may assume that V' is convex. Thus, we can apply Corollary [6]
to conclude that K and L are strongly separated. O

Remark 1 (Separation of points). The previous corollary implies that if X’ is a sep-
arated (Hausdorff) locally convex topological vector space, then for every distinct
points z,y € X, there exists 2* € X* such that (z* | ) >0 > (2* | y). In partic-
ular, this shows that X endowed with the weak topology o(X,X*) is separated (see

Definition .

1.4 Closed convex sets

We recall that thanks to Lemma in a topological vector X a closed half-space is
a set of the form H = {x € X' | (z* | z) < a} where 2* € X* and o € R.

Proposition 9. Let K be a closed convex set of a locally convex topological vector
space X. Then, K 1is the intersection of all the closed half-spaces containing K and
more precisely,
K= () {ee x| @ o) <ox@)} 2)
T*eX*

where o (x*) = sup,e g (* | x).

Proof. Denote L the intersection of all the closed half-spaces containing K. The
inclusion K C L is obvious, so let us prove that (¥ \ K) C (X \ L). To do that,
we consider some point z € X' \ K. By the strong separation theorem (Corollary
applied to the closed convex set K and the compact convex set {x}, there exists
x* € X* and € > 0 so that

ox(a) = supa* | 2) < (" | z).

zEK
The closed half-space Hy» = {z € E | (z* | z) < ox(z*)} contains K, so that by
definition L C H. Since x does not belong to H, this shows that « ¢ L. O

Definition 7 (Closed convex hull). The closed convez hull of a subset A of a normed
space is the smallest closed convex set containing A, or equivalently the intersection
of all the closed convex sets containing A. We denote it convA.



Corollary 10. Let X be a locally convex topological vector space. Then, for all
subsete A C X, the closed convex hull of A equals the intersection of all the half-
spaces containing A.

Ezample 2. Let A= {(x,y) € R? |y > 1+1x2}' Then, convA = {(x,y) € R? | y > 0}.

Definition 8 (Weak convergence). A sequence (x,) of points in X is called weakly
convergent to x € X if for any continuous linear form z* one has
"

lim (z* | zy,) = (¥ | ).

n—-+o00
As a consequence of the proposition, we see that all closed convex sets are also
closed under weak limits. This is useful to show existence to optimization problems
posed in infinite dimensions, e.g. in optimal control, calculus of variations or optimal
transport. We can actually prove that closed convex sets are also closed under the
weak topology on the space. More details are provided in Appendix [A.4]

Corollary 11. Let K C X be a closed convez set in a topological vector space X,
and let (xy,) be a weakly converging sequence, with limit in x. Then, x belongs to K.

Proof. By Proposition @], one can write K = N;erH;, where H; = {(z} | -) < o} are
closed half-spaces. In particular, for all i € I and n, one has (z] | z,) < a;. By weak
convergence, we deduce that

L) = tim (o] | ) < @,

thus proving that x also belongs to K. O

Proposition 12. Let X be a locally convex topological vector space, and let K C X
be conver. Then, K is weakly closed if and only if it is closed.

Proof. We already know that (Remark that if K is weakly closed, then K is
closed. Conversely, assume that K is closed and convex. By the Proposition [9]
K is a (possibly uncountable) intersection of closed halfspaces. Since every closed
halfspace is weakly closed, we deduce that K is also weakly closed. O

1.5 Support function and normal cone

Definition 9 (Support function, support hyperplane). The support function of a
non-empty set A C X is the fonction o4 on X'* defined by
opq:2" € X* 5 sup(z” | z) € RU {400} (3)
T€EA
A (closed) hyperplane H = {(z* | -) = a} is a support hyperplane to A at at a point

x € A, or supports A at z if (z* | z) = a and if A C {(z* | -) < a}. The linear form
x* is then called an (exterior) normal to A at x.

Remark 2. Note that H supports A at x if and only if o4(z*) = (x
why o4 is called the support function of A.

* | ), explaining



The support function of a singleton (A = {z}) is linear, while in general the
support function of a set is sublinear (as in Definition . Support functions were
introduced by Minkowski in the finite-dimensional setting. A nice feature of the
embedding K +— o is that it preserves much of the structure of the set of closed
convex subsets of X. We refer to Hérmander [Hor55] for a short summary of the
properties of support functions of closed convex sets. Support function can be used
to get a geometric interpretation of some rules of subdifferential calculus.

Proposition 13. Let X be a locally convex topological vector space. Then,
(i) Let K, L C X be closed and convex. Then, K C L iff ox < op.
(In particular o = oy, if and only if K = L.)
(ii) Let Ky,..., Ky be closed and convex and let A\1,... g > 0. Then

0P, NG = E NiC K
i

(i4) Let K1, ..., Ky be closed and conver. Then, o\ g, = max;or,. Then,
oY, K; = WAX O,

Remark 3. This proposition is sometimes used to construct algorithm for computing
the Minkowski sums of convex sets and especially convex polyhedra.

Proof. (i) The direct implication (if K C L, then ox < o) is obvious from the
definition, and the converse follows from Eq. .
(ii) We have for every z* € X,

— s @) = s @ Y ) = 3 o ().

me@i N K (z1,...,wp)EK1 X...Xx Ky
(iii) is proven similarly. O

Definition 10 (Normal cone). Let K C X be a convex set. The normal cone to
K at a point z in K is defined by Nor, K = {z* € X* | Vy € K, (z* | v —y) > 0}.
When z is outside of K, we define Nor, K = (.

Informally, the normal cone Nor, K is the set of “slopes” z* € X' of all support
hyperplanes {(z* | -) = a} to K at the point x.

Ezample 3 (Smooth sublevel set). Let X = R% let g : R — R be a C' convex
function such that infga g < 0, and let K = g~!((—00,0]). Note in particular that
K has non-empty interior. Then,

RyVyg(z) ifzedK
Nor, K =< 0 if € int(K)
0 ifed K

The notion of normal cone allows to generalize this construction for convex sets that
are not differentiable, e.g. polyhedra.

10



Ezample 4 (Hilbertian setting). In X' is a Hilbert space, the dual space X* can be
identified by X itself thanks to Riesz’ theorem (i.e. any continuous linear form on X
is of the form (z | -), where € X’). Then, the normal cone can be characterized by

Nory, K ={ve X |3t >0, pg(z+tv) = v},

where pg is the orthogonal projection on K.

The following statement refers to the weak+ topology on the dual space A*, which
is the coarsest topology on A* making the (evaluation) maps z* € X* — (z* | x)
continuous. See §A.4]for more details about this topology, and especially Theorem [77]
which shows that if X'* is a separable normed space, then any bounded sequence in
X* admits a weak* converging subsequence.

Proposition 14. Let X be a topological vector space and let K C X be closed and
convex. Then,
(i) The normal cone Nor, K is convex and weakx closed for any x € K, and can
be characterized by x* € Norg K <= og(z*) = (z* | x).
(i1) If K has non-empty interior, then for any x € 0K, Nor, K # {0}.

Proof. (i) The convexity and weaks* closedness of Nor, K follows from the fact that
this set can be written as an intersection of weakx* closed halfspaces:

Nory, K ={z* € X* |Vy e K,(z" |z —y) >0} = ﬂ{(m*|>§<x*|x>}
yeK

The characterization of the normal cone follows from the definitions.
(ii) Let L = int K and let € K. Since x ¢ L, the open convex set L and the point
 can be linearly separated (Corollary [3): there exists z* # 0 such that

sup(z” [ y) < (2" [ 2).
yeL

Using that K is the closure of its interior (exercise!), this implies that x* belongs to
Nor, K. O

11



2 Convex functions

In convex analysis it is very common to encounter functions taking values in the
(half) extended real line R = R U {+o00}. They arise for instance when one includes
constraints directly in the minimized functional, i.e. if one replaces the problem

m[}n 7,
where K C X is convex, by the unconstrained minimization problem
min [ +ik,
where ig is the convex indicator function of K, i.e.

e () Oifz e K
1 =
KA +o00 if not.

This may seem like a formal trick, but this formulation is often of practical
interest, because it allows to solve constrained convex optimization problem using
general algorithms for minimizing the sum of two convex functions. More importantly
perhaps, convex functions taking the value +00 appear naturally one when considers
the Legendre-Fenchel conjugate. For instance, we will see that the Legendre-Fenchel
conjugate of a norm is the 0/ 4+ oco-valued indicator of the dual unit ball.

The set RU{+o0} comes with the intuitive calculus rules such a + (+00) = +00
for a € R, ax (+00) = 400 for a > 0. Often, one adopts the convention 0 x +oo = 0,
so that 0 X ix is the zero function.

2.1 Definition and first properties

Definition 11 (Domain and epigraph). Let f : X — R. We call
(i) domain of f, denoted dom(f), the subset of X where f take finite values:

dom(f) ={z € X, f(x) # +oo};
(ii) epigraph of f the subset of X x R above the graph of f, i.e.
epi(f) = {(z,1) € X xR; t > f(x)}.
A function f : X — R is proper iff dom(f) # 0, i.e. if f # +oo0.
Definition 12. A function f : X — R is conver if epi(f) is a convex subset of X' x R.

The relationship between this definition and the usual definition of convexity is
given in the next proposition.

Proposition 15. A function f : X — R is convex iff dom(f) is convex and if for
all z,y in dom(f) and all « € [0, 1],

F(A =)z +ay) < (1 —a)f(z)+ af(y). (4)

12



Proof. Assume f is convex. Defining IIy : X x R — R as the (linear) application
Ix(z,t) = z, one has

dom(f) = {z € R| 3t € R, (z,t) € epi(f)} = M (epi(f)),

Thus, dom(f) is convex as the image of a convex set under an affine application.
Moreover, for all z,y € dom(f), the points 2’ := (x, f(x)) and v’ := (y, f(y)) belong
to epi(f). Thus, by convexity of epi(f), one gets that for all a € [0, 1],

d=(1-a)d+tay =(1-a)r+ay,(1-a)f(2)+af(y)
belongs to the epigraph of f, giving {]). The converse is left as an exercise. O
The proposition belows give some examples of how to construct convex functions.

Proposition 16. (i) If (fi)ier is a (possibily uncountable) family of convex func-
tions, the function x — sup,c; fi(z) is also convex.
(i) Let A: X — Y be affine, and let f be convexr on X. Then, f o A is convez.
(i5i) If f1,..., fn are convex and if \1,...,A\n >0, then Efil Aifi 18 conver.

Example 5. a. Let K C X and let i : £ — R be its indicatrix function, defined

by ig(x) =0if x € K and 400 if x ¢ K. Then, i is convex iff K is convex.

b. Linear forms (even discontinuous) are convex.

c. Sublinear functions (e.g. norms, gauges, support functions) are convex.

d. The sublevel sets of a convex functions are convex sets. The reciprocal is false:
there exists non-convex functions whose sublevel sets are convex.

e. If f is convex and if K is a convex set, the function ¢ = f + ix is convex.

f. The composition of convex functions is not necessarily convex: e.g. f(z) =z
and g(x) = —x are convex on R, but g o f is not.

2

Definition 13 (Strict, strong and semi-convexity). A function f: X — R is strictly
conver if it is convex and if

Ve#£yedomf, Vi€ (0,1), f((1-t)x+ty)<(1—1t)f(z)+tf(y) (5)

On a normed vector space, a function f has convezity modulus w: R — R if

Vz,y € dom f, Vt € [0,1], (6)
A=tz +ty) +t(1 - tw(lz—yl) < 1 -1)f(z) +tf(y)

When w(t) = %t2 with a > 0, f is called a-strongly conver. If o < 0, f is called
a-semiconver. Note that a semi-convex function is usually not convex.

2.2 Continuity of convex functions

Proposition 17. Let f : X — R be convex on a topological vector space, and assume
that f s finite at x and upper bounded on a neighborhood of x. Then, f is continuous
at x.
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Remark 4. Proposition [L7|implies that if f is linear, then it is continuous at z if and
only if it is upper bounded (or lower bounded) on a neighborhood of . Proposition
may be seen as a generalization of the well-know characterization of continuity for
linear forms (Lemma [70)).

Proof. Without loss of generality, we assume that x = 0 and f(z) = 0, and we let
O be a neighborhood of the origin and M > 0 so that f < M on O. Replacing O
by the intersection O N (—0O) if necessary, we may assume that O is symmetric, i.e.
O =—-0. Let € € (0,1) and let € O, := €0. Then, since x = (1 — )0 + 5%3: we
get by convexity of f

f(z) < (1 =) f(0) +ef(x/e) < eM.
Using 0 =1/(1+¢)z +¢/(1 +¢)(—x/c) we get by convexity of f

e

10) = 14¢

“1+4e€

fx) +

f(=z/e),
so that, using —z/e € O and f < M on O we get
f(x) = (1+)f(0) —ef(—z/e) = —Me.
We have proven that |f| < Me on O, thus showing continuity of f at 0. O

From now on, we denote
cont f = {x € dom f | f is continuous at x}.

Proposition 18. Let f : X — R be conver on a topological vector space. If there
exists an open set on which f is upper bounded, then cont f = int dom f.

Proof. Let O be an open set on which f < M, and let x € O. We will use this hy-
pothesis to prove that f is locally upper bounded near any point y € Q = int dom(f).
By openness of 2, there exists ¢ > 0 such that z := y + ¢(y — x) belongs to Q. The
point y belongs to the segment [z, z], and more precisely

y=(1—-a)r+az

with @ =1/(1+t). The set Oy = (1 —a)O + az is therefore open (as the Minkowski
sum of an open set with a non-empty set) and it contains y. We now prove that
f <max(M, f(z)) on B := B(y, (1 — «)d). By definition of the Minkowski sum, for
all point w, € Oy, there exists w, € O such that w, = (1 — &)w, + az. Thus, using
f<Mon O,

flwy) < (1 =) f(ws) + af (z) < max(M, f(z)).

The function is then upper bounded in a neighborhood of y, and by the previous
proposition, it is continuous at y. [
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Remark 5. The hypothesis that f is upper bounded is crucial. For instance, take f
a discontinuous linear form on an infinite-dimensional space X'. Then, dom(f) = X,
f is convex, but f is discontinuous at every point of X.

Ezample 6. Let X be a normed space, let K C X and assume that K contains the
ball B(0,r) for some r > 0. Let f = jx be the gauge of K. Then, |f| < 1/r on the
unit ball. The previous proposition implies that f is continuous on X.

Corollary 19. If f : X — R is convez and cont f # (), then cont f = int dom f.

Corollary 20. If X is finite dimensional, and f : X — R is convex, then cont f =
int dom f.

Proof. Take f : X — R convex. If dom(f) has non-empty interior, then there
exists points xy,...,2, in the interior so that K = conv({z1,...,2,}) also has
non-empty interior (take e.g. z1 € intdom(f) and za,...,z, € intdom(f) so that
vect({xe — x1,...,x, —x1}) = X). Moreover, since every element of K is a convex
combination of the points x1,...,x,,

Vo € K, f(z) < M = max f(z).
We conclude using the previous corollary. O

In the remainder of this paragraph, we assume that X is a normed space. Then,
the continuity of convex functions can be improved into local Lipschitzness.

Definition 14 (Locally Lipschitz). A function f : Q C X — R is locally Lipschitz
on the open set Q if every point in ) has a neighborhood on which f is Lipschitz:

Voo € Q,36 > 0,3M € R, Vz,y € B(wo,6), |f(z) — f(y)| < M |z —y].
We start with the following intermediary result.

Lemma 21. Let f : X — R be convex and assume that |f| < M on B(zo,26). Then,
f s 255\4 -Lipschitz on B(xo, 9).

Proof. Let z,y € B(zo,6), and define a = ||z — y|| and z := y + 2(y — ) which by
construction belongs to B(xg,20). The point y is a convex combination of z and =z,

d/a 1

v= 1—|—5/0z$+1—|—<5/o/27
so that by convexity of f,
0
F0) < 1 S+ s )
-1 1
Le. f(y)— f(z) < mf(x) + 1+5/af(z)

We now use the upper bound on |f|:

2M 2M 2M
f(y)_f(x)gmﬁTa:Tufc_y”-

We conclude by inversing the role of x et y to get the desired Lipschitz property. [
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Combining Lemma [21] and the previous continuity results, we get:

Proposition 22. Let f : X — R be convex on a normed space. If cont f # 0, then
f s locally Lipschitz in int dom(f).

Remark 6. The assumption that €2 is open cannot be removed. Take for instance
[z € [0,1] = —y/x. Then, lim, 0,20 f'(x) = —oo, so that f is not locally
Lipschitz at 0.

2.3 Lower semicontinuous convex functions

Definition 15 (Iiower semi-continuity). Let X be a topological vector space. A
function f : X — R is called lower semicontinuous or lsc if for all a € R the sublevel
set lev<, f is closed, where

leve, f={z e X | f(x) <a}.

Equivalently, f is lower semi-continuous if the strict superlevel set levs, f is open
for all « € R. Lower semi-continuous functions are sometimes called closed in the
convex analysis literature.

Remark 7 (Relation to continuity). A function f : X — R is continuous if the
sublevel sets lev<, and superlevel sets levs, are closed for all a € R, or equivalently
if the strict sublevel sets lev., and strict superlevel sets levs, are open. Indeed, this
openness assumption implies that for all a < b,

fﬁl((a, b)) =levs, fNlevey f

is open, as the intersection of a finite number of open sets. Recalling that every open
set O of R is a (possibly uncountable) union of open intervals, we deduce that the
inverse image f~1(O) is open, proving the continuity of f.

Ezample 7 (Indicator function). The 0/ + co-valued indicator function iy of a set
A C X is lower semi-continuous iff A is closed.

Proposition 23. Let X be a topological space, let f; : X — R be lower semicontin-
wous functions indexed by some set I. Then,

(i) the function sup,c; fi is lower semicontinuous;

(ii) if I is finite and if (N;)ier are positive, then ), ; Ai fi is lower semi-continuous.

Remark 8 (Lsc envelope). Let X be a topological space and let f : X — R. The
previous propositions show that the function f defined by

f(x) =sup{g(z) | g: X - Rislsc and g < f}.

is lower semicontinuous, and is in fact the largest lower semicontinuous function that
lies below f. It is called the lower semi-continuous envelope of f.
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Proof. (i) Let f = sup,cs fi- Then its sublevel sets

levea f = {z € X | Vi, fi(x) < a} = [ |lev<a fi,
el

are closed as intersections of closed sets.
(i) Let f = > ,c; Aifi. Then,

levso f={z € X| Y Nfi(z) > a}

el

- U !ﬂ levsy, f,-] :

teR! s.t. Eie[ Aiti>a i€l
is open as an (arbitrary) union of finite intersections of open sets. O

We have the following alternative characterizations of lower semicontinuity. In
the following the product space & x R is always endowed with the product topology
(Definition [34). This means that a subset O C X xR is open if for all point (z,t) € O,
there exists an neighborhood N, of x in X and € > 0 such that N, x (t—¢,t+¢) C O.

Proposition 24. The following properties are equivalent:
(i) the function f is lower-semicontinuous ;
(ii) the set epi(f) C X x R is closed ;

The limit inferior of a real-valued sequence (f,,) € RY, denoted lim inf,, o0 fp, is
the smallest cluster point of the sequence. In a metric space X, a function f : X — R
is lower semi-continuous if for all x € X and every sequence (z,)n>1 converging to
x one has

< lim inf .
f(z) < lim inf f(z,)
This characterization in the metric setting is left as an exercise.

Proof. (ii) = (i): Assume that epi(f) is closed. Then, for all a € R, the sublevel
set of f can be written as

levey f = Ilx(epi(f) N & x [a, +00)),

i.e. the image under the continuous projection IIy of the intersection between two
closed subsets of X x R. Thus, lev<, f is closed for every a and f is lsc.

(i) = (ii): We will show that the complement (X x R)\ epi(f) is open. Consider
a point (x,t) & epi(f), i.e. such that ¢t < f(z). There exists a € R such that
t < a < f(x), so that « does not belong to the sublevel set lev<, f. By closedness
of this set, there exists a small neighborhood N, around z so that N Nlev<, f = (.
The set N, x (—o0, a) is a neighborhood of (x,t) in X x R and it does not intersect
epi(f), proving that (X x R) \ epi(f) is closed. O
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The next proposition asserts that for convex functions, weak and strong lower-
semicontinuity coincide. This is useful because typically much easier to prove that a
function is lower semi-continuous than to prove that it is weakly lower-semicontinuous.

Proposition 25. Let X be a locally convexr topological vector space, and let f :
X — R be convex. Then f is lower semi-continuous if and only if f is weakly lower
semi-continuous.

Proof. This follows from Proposition |12} since the sublevel sets of a convex function
are convex, they are closed iff they are weakly closed. O

Definition 16 (Convex lsc functions). The set of lower-continuous convex functions
is denoted I'(X'), and the set of proper lsc convex functions is denoted

Lo(X) = {f € I'(X) | dom(f) # 0}.

Proposition 26. Let X be a locally convex topological vector space. If f € T'(X) is
convex lsc, then f is equal to the supremum of its affine minorant, i.e.

Vee X, f(x)=sup{(z"|x)+bla* e X, beR st f>(x]|)+ Db}

Proof. If dom f = (), f is constant and equal to 400, so that there is nothing to
prove. Let us suppose that dom f # ), or equivalently that K = epi(f) is a non-
empty (closed convex) subset of X x R. Define

g(x) =sup{(z* |z) +b|2x* € X", beRst. f>(z"]|)+b}.

The function g is a supremum of functions below f, so that g < f. We now prove
that g > f. For this purpose, we will prove that for all zyp in X and all ¢ty < f(zo),
one has g(zg) > tog. Since tg < f(xo), the point (x¢,tp) does not belong to K, so
that we can strongly separate the closed convex set K from the compact convex set
{(z0,t0)} (Corollary [7). This means that there exists a continuous linear form on
X x R, which can be described by (z*,v) € X* x R such that

inf ¥l x) +tv > (&F | zg) + tov
L5 )+t > (5 )+t

Taking (x,t) = (xo, f(x0)), we get in particular vf(xg) > tov, i.e. v(f(xo)—1to) > 0.
Since f(xo) > to, we deduce that v > 0. Therefore, taking (z, f(x)) € epi(f) in the
previous inequality, we deduce

Vo e, f()> (% |w—a)+to.

By definition of g as the supremum of affine minorant of f, we get

x*

9(2) 2 (= |20 — o) + 1o,

In particular, g(xg) > tg for any tg < f(zo) so that g(zg) > f(zo). O
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Since an intersection of closed convex sets is convex and closed, we deduce
that a supremum of convex lower semi-continuous functions is convex lower semi-
continuous. This leads to the following definition.

Definition 17 (Lsc convex envelope). Let f : X — R be a function. Its convex
lower-semicontinuous envelope is defined by

convf =sup{g|g < fand g € I'(X)}.
By the previous proposition, we can also characterize conv f by
conv f(x) =sup{{z* |x)+b|z* € X,beRst. f>(x*|-)+0b}.

Ezample 8 (Norm). Let ¢ : R — R be a convex non-decreasing function, which we
assume to be lower semi-continuous. Then, f(x) := ¢(||z||) is convex and strongly
lower semi-continuous, and therefore weakly lower-semicontinuous.

We now show how to represent this function f as a supremum of affine functions
for two choices of ¢ (and refer to Section [2.4]for the general picture). When ¢(t) = ¢,

flz)= ” Sl‘lﬁil@* | ),

where [|2*||, = sup,ep(o1){(z” | #) is the dual norm. If ¢(t) = 112, then

f(x) = sup (a7 | z) = p([|]])-

TreEX*

2.4 Convex conjugate

The convex conjugate is an analogue, for convex functions, of the notion of support
function for convex sets. In particular, it allows to represent explicitly a lower semi-
continuous convex function as a supremum of affine functions (Theorem in a
similar way the support function may be used to represent a closed convex set as an
intersection of closed halfspaces (Equation (2)).

Definition 18 (Convex conjugate). Let f : X — R be a proper function on a space
X. Its convexr conjugate or Legendre-Fenchel transform is the function f*: AX* — R
defined by

fH (@) = sup(z” | z) — f(x).

zeX
Note that since f is proper, there exists x € dom( f) implying that f* > (- | ) — f(z).
In particular, f* never takes the value —oo.

Example 9. We start of a few examples of conjugate functions.
a. Let A be a non-empty subset of X', and let i4 be its indicator function. Then,

Vo' e X", (a") = sup(z™ | ) —ia(z) = sup(z™ | z) =04
reX €A

One can therefore think of the Legendre-Fenchel transform as a generalization
of the support function.
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b. Let f = ||.|| be the norm on X'. Then,

Va* € X*, f*(2*) = sup(a* | z) — ||z

reX

If [[z*]] > 1, by definition there exists x € X such that (z* | ) — ||z|| > 0.
Multiplying = by A, one can see that f*(z*) = +o0o. On the other hand, if
lz*|l, <1, (z* | z) — ||z|| < 0 with equality when x = 0. Thus, f*(z*) = 0.
Finally, f* is the indicator function of the unit ball in A™*.

c. Let f = (z*|-) be a continuous linear form. Then,

% N . 0 ifo* =2*
x¥) =sup(z* — 2" | z) =
@) J:EE'< o) {+oo if not.
ThUS, f* = Z{z*}
d. If f(z) = % |z|? on R with p € (1,4+00), and if we identify the dual space with
R, one can verify that f*(y) = % ly|? where % + % =1.

Proposition 27 (Basic properties). Let f : X — R be proper. Then, the following
properties hold

(i) [Fenchel-Young]: V(z,2*) € X x X*, f(x) + f*(z*) > (z* | z),

(ii) £+(0) = —inf f,

(i1i) f* is conver and weak* lower semicontinuous,

(iv) if in addition f € To(X), then f* e To(X™).

Ezample 10. Holder inequality: with f(x) = ]l? |z[P on R, we have :

1y < f@) + f(y) = ; 2 + ; j2]°

Summing, we get for all z,y € R™, such that HJJHP =lyll, =1,

(| y) = zxzyz_ lall, + 2 ol =l ol -

By homogeneity, this inequality remains true for all x,y € R™.

Proof (iii) These properties hold because f* is a supremum of functions of the form
z* — (z* | ) — f(x), which are convex and weak* continuous.

(iv) If f € T'o(X) then by Proposition [26]it is equal to the supremum of its affine
minorants. In particular, there exists z* € X* and o € Rs.t. f > (2" | ) + a.
Therefore, f*(x*) = sup,cp(e* | ) — f(z) <supgep(e® —2* | z) — a < —q, so that
f* is indeed proper. O

Definition 19 (Biconjugate). The conver biconjugate of a function f : X — R is
the function f** on X defined by

f7(@) = sup (2" | z) — f(a7).



Theorem 28 (Fenchel-Moreau). Let f : X — R be a proper function. Then, f** is
the lower semicontinuous convex envelope of f (Definition .'

[ =rconvf,
In particular one always has f** < f, with equality if and only f € To(X).

Proof. We first prove f** < f. By Fenchel-Young, for all x € X and z* € A* we
have f(z) + f*(z*) > (z* | ). Applying this inequality in the definition of f** we
obtain

(@) = sup (2" | z) — f*(27) < f(2).

T*EX*
Since in addition is convex and lower semicontinuous, we deduce from the definition
of convf that f** < conv(f). To prove the converse inequality, we use that convf
is equal to the supremum of the affine minorants of f. It is therefore sufficient to
prove that f** is larger than any affine minorant of f. Consider * € X* and o € R
s.t. f>(zf|-)+ a. Then,

fH(a") = sup(a” | ) — f(x) < sup(z” | z) — ((«" [ ) + @) = —a.

TeEX zeX

Thus,

Vee X, f“(z)= sug (" x) = f () > (" |z)— f(2") = (2" |2) + . O
zreXx*

2.5 Application: Existence of minimizers

Examples in functional spaces For the next two examples, we will use the
Sobolev space W1P(Q), where Q is a bounded open set of R and p > 1. Roughly
speaking, an element of WP(Q) is a function u € LP(2) such that for all 1 < i < d,
the partial derivative 0;u belongs to LP(£2) in the sense of distributions.ﬂ This Sobolev
space is a Banach space, when endowed with the norm

[ulfyre = ullf o0y + 1V ellTp 0 za)

and a reflexive space when 1 < p < +00. We consider Wol’p(Q) to be the space of
elements of 2 who vanish on 99, formally defined as the closure of C2°(£2) in WP ((Q).
When p = 2, these spaces are Hilbert spaces, and one denotes H'(Q) = W2(Q) and
H}(Q) = WOI’Q(Q). We will use the following results:
e Poincaré’s inequality: For a bounded open set {2, there exists a constant
C = C(9) such that

Yu € WoP(Q), [ullyrni) < ClIVUlloqpa -

e Banach-Alaoglu’s theorem: let (u,),cn be a bounded sequence in W1P(€)
(for p € (1,400)). Then, (u,) admits a weakly converging subsequence.

!This means that there exists a function v; € LP(Q) such that for all smooth and compactly
supported test function ¢ € C°(2) one has [, (di¢p)u = — [, uv;. One then defines d;u := v;.
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Ezample 11 (Obstacle problem). Let X = H}(Q), K = {u € X | u > V¥ a.e.} for
some ¥ € C°(Q2) and consider the minimization problem

ueK

min f(u) with f(u) ::/Q||Vu(x)||2d:c.

Following Exercise 5| one can prove that K is closed, and this set is obviously convex.
In addition, the function f is strictly convex, so that the problem ming f admits
at most one solution. Let (ug)r>1 be a minimizing sequence, that is a sequence of
elements of K such that

i%ff: lim  f(ug).

k——+o0
We can assume, without loss of generality that (f(ug))r>1 is decreasing. Then,
Poincaré’s inequality implies that (uy)g>1 is bounded, so that by Banach-Alaoglu,
this sequence admits a weakly converging subsequence, with limit u. Since K is
convex and closed, it is weakly closed, so that u belongs. Finally, since f is weakly
lower semicontinuous we have

f(u) < Timinf f(u) = inf f,

k—4o00
thus showing the existence of a minimizer

Proposition 29. Let Q C R? be a bounded open set, p > 1, and ¢ € CO(RF) be a
convez function and assume that ¢(x) > al|z||P for some a € R. Then the function

fivelP(Q,R — /ngs(v(x))dx eR.

1s convex and weakly lower-semicontinuous.

Proof. We first prove that f is (strongly) lower semi-continuous. To do that, we
consider a sequence (v,) converging (in norm) to v € LP(Q,R¥), and we wish to
prove that f(v) < liminf, . f(v,). Taking a subsequence if necessary, we may
assume without loss of generality that (v,) converges Lebesgue-almost everywhere
to v. Applying Fatou’s lemma to z — ¢(v,(x)) — a ||v,(2)]|P > 0 we get

F0) =l ey = [ lim_6(0u(@) = allon(@)]” da

Sliminf/ﬂcé(llvn(fﬁ)l) —alvn(2)]” dz

n—+00
o . . _ . p
=nipl/ln) = e B Tonlir g
thus showing that f(v) < liminf, ;o f(vs), and establishing that f is strongly

lower semi-continuous. If one assumes ¢ to be convex, then f is also convex, and by
the previous proposition we deduce that f is weakly lower-semicontinuous. O
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Remark 9 (Weakly lsc integral functionals are convex!). For simplicity, we consider
an integral functional defined on the unit interval Q = [0,1] C R. Let ¢ € C°(R) and
define f:L2(Q,RY) — R by

f(v) = /Q H(0(x))da.

We assume that f is weakly lower semi-continuous. Given A, B € R? and for any
N > 2, we consider the piecewise-constant function vy : 2 — R defined by

_JA ifkiseven
Wi ST \B i kis oad

Then, the sequence vy weakly converges to the constant function v = %(A + B), so
that by lower semi-continuity of f we have f(v) < liminfy_, 4 f(vx). This directly
implies ¢(23L) < 16(A) + 36(B), so that ¢ and f must be convex.

Ezample 12 (A variational problem). On the space X' := Wol’p(Q) we consider the
integral functional

f(u) = /Q o(Vu(x))d,

with ¢ : R — R a convex continuous function satisfying ¢(v) > a|jv||” and a > 0.
Then, the minimization problem

inf f(u),

ueX

admits a solution. To see this, consider a minimizing sequence, i.e. a sequence (uy,)
of elements of X’ such that lim, oo f(u,) = infy f. In particular, f(u,) < M for
some constant M > 0. By the assumption on f and Poincaré’s inequality, we deduce
that the sequence (uy)nen is bounded,

cr
||UnH€Vl,p(Q) < CP ||Vun||€p(Q’Rd) < Tf(un) <

By Banach-Alaoglu’s theorem, taking a subsequence if necessary, we may assume
that the sequence (uy,)nen admits a weakly converging subsequence, with weak limit
u. Then, by Proposition we know that the functional f is weakly lower semi-
continuous on X, so that

< T _ inf
flo) < U fpl ) = Jp Flum) =03 S
This shows that u minimizes f over X.
These two examples can be generalized as follows.

Definition 20 (Coercivity). A function f : X — R is coercive on a subset K of
a normed vector space X if for every sequence (p)nen of elements of K satisfying
limy, o0 ||Zn|| = +00, one has limy,—, 4o f(x,) = +00.
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Proposition 30. Let X be a separable and reflexive space, let f : X — R be conver,
proper, lsc, let K C X be closed and convez, and consider the minimization problem

inf :
o f@)
Then the minimum is attained, provided that one of the following conditions hold
a. the set K is bounded ;
b. or the function f is coercive on K.
The minimizer is unique if [ is strictly conver on K.

Proof. Exercise. O

Example in spaces of measures In the next example, we work in the space of
Radon measures over a compact subset Q C R? i.e.

M(Q) :=C°(Q)*.

Ezample 13 (Sparse spikes deconvolution). Consider a measure on the circle T :=
R/Z made of finitely many Dirac mass (called “spikes” in this setting), i.e.

= Z a0y, .

1<i<N

The measure p is not known, but one has access to a blurry version of it, y =
@ € L2(T). More precisely, we are given a linear operator (typically a convolution
operator) ® : M(Q2) — L?(T), which we assume to be sequentially weak*-continuous.
The Beurling LASSO problem is the following optimization problem, for A > 0:

Vei/{l/lf(m 1@V =yl 2y + AllVllpy
We now show that this problem admits a solution. First note that g = |||, and
h=1®(-) — y||ig(T) are sequentially weak™® Isc : for g this follows from the definition
of the dual norm as a supremum, and for h this is by assumption. In addition, any
minimizing sequence (v, )nen is bounded, ensuring by Banach-Alaoglu the existence
of a (not relabeled) weak*-converging subsequence, with limit v. Thus,

(g +h)(v) < liminf(f + g)(vn) = inf g + h.
Note also that g+ h is a convex function, which is crucial for being able to solve the

minimization problem numerically, but we did not use this fact for proving existence.
In fact, since the space M(X) is not reflexive, we cannot apply Proposition
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3 Subdifferential

3.1 Directional derivatives

In this section we study the “algebraic” properties of the directional derivatives of
convex functions. All the properties hold for any vector space X, even without a
topology. Since we are only using the linear properties of the space, one shouldn’t
hope to get any information about regularity (even continuity) of the functions.

Definition 21. Given a function f : X — R, z € dom(f) and v € X, we define the
directional derivative as the following limit (if it exists):

(7)

Proposition 31. Let f : X — R be convex and let x € dom(f). Then, the directional
derative fT(z;v) € RU {£oo} is well defined for any v € X and moreover,

o) — inf J@ T EY) — f(2)
Fes) =l =

(8)

Remark 10. The limit defining f*(x;v) can take the values +oo.

(i) Since the limit (7)) can be replaced by an infimum (§)), one has f*(z;v) = +o0
if and only if the half-line {z 4+ tv | t > 0} does not intersect dom f. As a
consequence, if x belongs to the interior of dom(f), then f*(x;v) < +oc.

(ii) It is easy to build examples of convex functions on R such that f*(z;v) = —o0
for some = € dom(f). (Exercise: find one.)

The proof is deduced directly from the following lemma, which is a well-known
property of 1D convex functions (slopes are increasing).

Lemma 32. The function ¢ € Ry — 1(f(z +ev) — f(x)) is increasing.

Proof. Let 9 > ¢e1 > 0. Since z +e1v = (1 —e1/e2)x +£1/ea(x + £2v), one has using
the convexity of f,

flz+ew) < (1 —ei/e2)f(z) +er/eaf(x +e20),
which gives the desired inequality. O

Proposition 33. Let f : X — R be convex. Then,
(i) If x,y € dom(f), then the following monotonicity property holds

Va,y € dom(f), fT(zy—x) < fT(y;y—2). (9)

(ii) If x € int(dom(f)), then fT(x,-) takes finite values only and is sublinear.
(11) If x € cont(f), then f+(z,-) is a continuous sublinear function.
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Proof. (i) This properties directly corresponds to the fact that the slopes of convex
function on R are increasing.

(ii) We first prove finiteness. Let v € X. Since z € int(dom(f)), there exists
e > 0 such that & ev belong to dom(f). Using (8), we deduce that f¥(z,v) <
%(f(x—i—&?v) — f(x)) < +oo. Similarly, we have f*(z;—v) < +00. Now, by convexity
of f we have

r+ev T —ev

2 + 2

=1 ( ) < 3@+ e+ 31 o)

and all terms are finite. Therefore,

flatev) = flz) , fle—ev) = fz)

9 9

Taking the limit ¢ — 0, we get f1(z;v) > —fT(x; —v) > 400, i.e fT(z;-) is finite.
We now prove sublinearity of f(z;-). The definition directly implies 1-homogeneity
of f*(x;-), we therefore show subadditivity. Let u,v € X, and € > 0. Then,

x4+ 2w x+ 2ev
2 + 2

r+e(u+v) =

so that by convexity
St et 0) — F@)) < o (Flr +20) = F(@) + o (7l +200) - f(2).

Taking the limit as € — 0 gives the desired inequality.
(iii) As f is continuous at z, it is bounded in a neighborhood O, of x. Then,
using (8)), and setting O = O, — z, we have

Vo € O, £ (w:0) < fla+v) — f(2) < max [~ f(z).
This shows that f*(z;-) is bounded in a neighborhood of the origin. Since f*(x;-)
is convex (by sublinearity), we deduce from Corollary (19| that f*(x;-) is continuous

on the interior of dom(f*(z;-), i.e. on the whole space since f*(z;-) takes finite
values only. O

3.2 Gateaux and Fréchet differentiability

Definition 22 (Gateaux-differentiability). A function f : X — R on a topologi-
cal vector space X is called Gateauz-differentiable at x € dom f if and only if the
directional derivative v € X — fT(z;v) is a continuous linear form.

Remark 11. The notion of of Gateaux-differentiability is quite weak. For instance,
considerf : R? — R defined

1 1if 21 # 0 and zo = 22
x? = .
b2 0 if not

Then, f*(0;-) = 0 so that f is Gateaux-differentiable at the origin. On the other
hand, f is not even continuous at (0,0)!
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Corollary 34. Let f : X — R be convezx and let x € cont f. Then, f is Gateaus-
differentiable at x if and only if f+(z;v) < —fT(x;—v) for allv € X.
(= iff the left and right derivatives at x coincide for any direction v)

Remark 12. The function v — f*(x;v) can be linear and discontinuous, e.g. if f
is a discontinuous linear form. Note also that the inequality f*(x;v) > —fT(x; —v)
always holds, so that the hypothesis could be replaced by f*(z;v) < —f*(x;—v).

Ezample 14. Let f(z) = |z| on R, then f7(0;1) =1 and f7(0;—1) =1 # —f1(0,1).
Corollary [34] follows directly from Proposition [33] and the following lemmas.

Lemma 35. A sublinear function g : X — R is linear if and only if g(v) < —g(—v)
forallve X.

Proof. The direct implication is obvious, let us prove the converse. By sublinearity,
we have 0 < g(v) + g(—v), i.e. g(v) > —g(—v), so that the assumption implies
g(v) = —g(—v). Then,

g(v+w) < g(v) + g(w)

g(—(v +w)) < g(—v) + g(—w) = —g(v) — g(w),

where we used the assumption on the last line. Thus,

9(v) + g(w) < —g(=(v +w)) = g(v + w) < g(v) + g(w),

and all inequalities must be equalities; in particular g(v + w) = g(v) + g(w). Since
in addition we know from Proposition [33| that g(Av) = Ag(v), g is linear. O

Definition 23 (Fréchet-differentiability). A function f : X — Ris Fréchet-différentiable
at x € dom(f) if it is Gateaux-differentiable at x and if

o M@+ = f@) = (@)

1
v—0,v£0 H v ”

ie. f(z+v)=flx)+ fH(z;v)+ov]]).

Remark 13. Fréchet-differentiability is the usual differentiability (and implies conti-
nuity). In general, Fréchet différentiability — Gateaux-différentiability = linear-
ity of v — f*(z;v). The converse implications are false in general, but is true when
[ is a convex function on a finite-dimensional space, see Section [3.6.2]

=0, (10)

3.3 Definition of the subdifferential and first properties

Definition 24 (Subgradient and subdifferential). Let f : X — R and zo € dom f.
A linear form z* € X'* is called a subgradient of f at zq if

Vy e X, fly) = f(zo) +(«" |y — xo).

The set of subgradients of f at zg is called the subdifferential of f at xy and is
denoted df(xg). When z ¢ dom f, we set f(xg) := 0.
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Remark 14. When X is a Hilbert space or RY, we will often consider the subdiffer-
ential of a function at a point as a subset of X', using the isomorphism X* ~ X

Ezxample 15. (i) Let f(x) = |v| = max(x, —x). Then,
{-1} ifx <0

of (z) = < {1} ifx>0
[~1,1] ifx =0

(ii) If f is defined on R? by f(x) = Zle g(z;) with g : R — R convex,
0f(x) = [ [ 9g(x:).
Thus, if f(z) = > <;<n |z:]. Then, denoting s(z) = J|-| (x),
0f(x) = [ s(ai)
1<i<d
(iii) Let X be a normed space and let f(x) = ||«|. Then,
z* € 0f(0) <=V e X, (2" | z) < ||z]| = ||z"||, < 1

In other words, 0f(0) is the dual unit ball.
(iv) Let f(z) = —v/z on [0, +00[. Then, df(0) = 0 even though 0 belongs to dom f.

The last example, in the form of a proposition, makes the connection between
the notion of subdifferential and the notion of normal cone:

Proposition 36 (Subdifferential of indicator function). Let K C X' be a convex set
and let x € K. Then, Jig(x) = Nor, K.

Proposition 37 (General properties). Let f : X — R. Then,
(i) (Fermat’s rule) f attains its minimum at xo € X if and only if 0 € Of(xo).
(ii) (Convezity and closedness) Of(x) is weak*-closed and convex.
(iii) (Monotonicity) Ve,y € X, z* € 0f(x) and y* € 0f(y), (z*—y*|x—y)>0.
(iv) (Upper semi-continuity) Assume that X is a Banach space and that f is lower
semicontinuous. If (zy,x})neN is such that x) € Of(xy,), and if
strong « weak*

Typ — T and x, —— 27,
n——+oo n—-+00

then x* € 0f(x).

Proof. (ii) This follows from the following representation of 0f(x) as an intersection
of weak* closed halfspaces:

Of () = [{z" € X | f(y) = flx) + (z" | y — z)}. 0

yeX
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(iii) By definition of z* € 9f(x) and y* € 0f(y) we have

fy) > f(z) + (2" [y —x) and f(x) > f(y) + (y" |z —y).

We conclude by summing these inequalities.
(iv) Under the assumptions, we have for all y € X

fy) = fxn) + (2, |y — zn)
= flan) + {2y |y —a) + (2" |2 —an) + (2, — 2" | 2 — ap)

By lower semi-continuity we have liminf,, o f(z,) > f(z) and by strong conver-
gence lim, oo (x* | z — x,). Moreover, by Banach-Steinhaus’ uniform boundedness
principle, we see that the sequence (z}) is bounded in dual norm, so that

(@, — 2 [ &= 20)| < ||z, — 2% |2 — 2al| == 0.
Taking these limits in the inequality above, we get f(y) > f(z) + (z* | y — z), thus
showing that z* € df(x).

Remark 15. The upper semi-continuity property is equivalent to the (sequential)
closedness of the graph of the subdifferential 0f = {(x,2*) € X x X* | 2* € df(z)}
with respect to the strong x weak-* topology. This property is false in general, see
[BEGO3] for a counter-example. Thanks to Clément Cosserat for pointing an error
in an earlier version of these notes.

Theorem 38 (Subdifferential of convex functions). Let X be a locally convex topo-
logical vector space and let f : X — R be convex. Then,

(i) if z € dom(f), Of () = {* € X% | f*(z;) > (a° | ).

(i) if x € cont f and if X is a normed space, Of (x) is bounded w.r.t ||-||,.

(111) if © € cont f, fT(x;v) =sup{{z* | v) | 2* € If(x)}.

(iv) if x € cont f, Of (x) is non-empty.

(v) if © € cont f, then f is Gateauz-differentiable at x if and only if Of(x) is a

singleton {z*}, and then f*(z;-) = (z* | -).

Remark 16 (Support function of the subdifferential). Let f € T'o(X) and = € cont f.
Note that we endowed X* with the weakx topology and that any weak+ continuous
linear form over X™* is induced by a vector of X, i.e. (X*)* ~ X. The support
function of df(x) can therefore be defined as

Oaf(x) Yy EX = sup (r"|y) €R
x*€df(x)

Then Theorem (38 immediately implies that ogf(,) = ft(z,), i.e. the directional
derivative can be thought of as the support function of the subdifferential.

Proof. (i) Let A be the second member of the equality. If z* € A we have,

Yo € X, <IL'* ’U> §f+($7v):%§£ f(af‘i‘tvt)_f(w)

< flz+v) - f(2)
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Thus, given y € X and letting v = y —x, we get (z* | y —x) < f(y) — f(z), implying
that * belongs to df(z). Reciprocally, assume that z* € 9f(x). Then, for allv € X,
t>0and y = x+ tv we have (z* | y — z) < f(x + tv) — f(x). Dividing by t and
using y — x = tv, we get

fla+to) = f(z)
t

(@ |v) <

Since this is true for all ¢ > 0, we have as desired (z* | v) < fT(z;v), i.e. z € A.

(ii) To show that 0f(x) is bounded, we use that since f is continuous at z, it is
L-Lipschitz near x for some L > 0. This directly implies that f*(z;v) < L|v]|, so
that if 2* € 9f(z) we have (z* | v) < fT(x;v) < L|v||. By definition of the dual
norm, we get |[z*|] < L.

(ili) By Proposition [33] the function g = f*(z;-) is convex and continuous, so that
by Proposition g is equal to the supremum of its affine minorant. Let (z*,«a) €
x* € X* x R be such that g(x) > (z* | ) + « for all z € X. Setting x = ty and
using the homogeneity of g we get

Vy e X, Vi >0, t({z" | y) +a/t) <tg(y).
Letting ¢t — +o00 we get g > (x* | -). This implies that

g(z) =sup{(z” | z) |2" € X7, g = (" | )}
=sup{(z* | x) | z* € Of(x)},

where we used (i) to get the second equality.

(iv) This follows directly from (iii).

(v) If f is Gateaux-differentiable at x, then ¢ := f*(z;-) is linear continuous, and (i)
implies that 0f(x) = {¢o}. Conversely, if Of(x) = {z*} is a singleton, (iv) directly
implies that f*(x;-) = (x* | -) is linear continuous. O

3.4 Subdifferential calculus

In applications, one often encounters minimization of functions which are defined
as a sum, maximum, or composition of other functions with linear operators. It is
therefore of prime interest to study the effect of these operations on the subdifferen-
tial. We start with a very general and easy inclusion result. We recall the definition
of the adjoint operator:

Definition 25 (Adjoint). Let £(Y,X) be the set of continuous linear operators
between two topological vector spaces ) and X. The adjoint of A € L(),X) is a
linear operator between the dual spaces X* and )* defined by

A" e X = (ye Y (27| Ay)) € V"

It is characterized by the property (A*z* | y) = (z* | Ay).
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Proposition 39 (Inclusions). (i) for all function f,g: X — R and all v € X,

Of(x) + 9g(x) € O(f + g)(x).

(i3) if (fi)icr is a family of functions from X — R, and f = sup;c; fi, then for all

x € X, and I, := arg max;es fi(x),

conv U Ofi(x) COf(x).
i€l
(iii) if f: X =R, A€ L(V,X), and g= fo A then fory €Y,
A*0f(Ay) € dg(y)

Proof. Exercige. O
Remark 17 (A counterexample). We note that these inclusions may sometimes be
strict. For instance, consider f = ij_4 ) and g(x) = —y/x on for z > 0 and

g(z) = +oo for x < 0. Then, f + g takes value +oo everywhere expect at = 0, so
that 9(f 4+ ¢)(0) = R. On the other hand, dg(0) = 0, so that 9f(0) + dg(0) = 0.

In order to avoid this counterexample, we need to assume that the domains of f
and g intersect non-trivially. Such assumptions are called qualification conditions in
the literature. The next theorem gives an example of such a qualification condition,
but there exists weaker conditions on Banach spaces (see e.g. Brézis-Attouch [ABS86])
or when X = R? (see [Roc70, Chapter 23]).

Theorem 40 (Moreau-Rockafellar). Let X be a locally convex topological vector
space, let f,g € To(X) and assume the qualification condition holds:

dom f N cont g # 0.

Then, for all x € X one has

Of(x) + 9g(x) = 0(f + g)(x).
Proof. Let z € X and consider z* € d(f + g)(z). Thus,
Vy € X, f(y) +9(y) = f(z) +g(z) + (2" |y — ).
Setting f(y) = f(y) — (f(z) + g(x)) — (z* | y — z), this is equivalent to
Vy € X, fy) > —g(y).

Consider the set K = epi(f) and L = —epi(g) in X x R. Since cont(g) # 0, L
has non-empty interior, ensuring by Exercise 4] that L is the closure of its interior
M := int L. As a consequence of the Hahn-Banach theorem (Corollary , there
exists a continuous affine function on X x R separating the disjoint convex sets K
and M, with M open. This means that there exists z* € X* and a € R such that

*

inf (" |y)+at> sup (2" |y)+as= sup (2" |y)+ as, (11)

(y,t)eK (y,s)eM (y,s)eL
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where the last equality holds because L is the closure of M. Taking y = xo, t > f (z0)
and s < —g(xg) in the previous inequality (so that ¢t — s > f(z¢) — g(xg) > 0) gives

0<a(t—s),

which is only possible if & > 0. We now rule out the possibility that « = 0. By
contradiction, assume that a = 0. Then, the separation inequality gives

inf (2" |y) > sup (2" |y),
y€dom f yEdom g

i.e. dom f and dom g are linearly separated (note that z* # 0 since (z*, ) # 0 and
a = 0). This contradicts the assumption dom fNcont g = (). Thus, @ > 0. Replacing
z* by éz* if necessary, we may therefore assume that o« = 1 in the separation

inequality (T1). With (z, f(z)) € K and (y, —g(y)) € L, this inequality gives
vy e X, (f|a)+ fla) 2 (=" |y) —g(y),
and since f(z) = —g(x),
Yy e X,gy) > g(x) + (" [y — ).

In other words, 2* € dg(z). Applying again the separation equality but with
(y, f(y)) € K and (z,—g(x)) € L we get

Vye X, (z*|y)+ fy) > (=" | z) - g(z),
Using f(y) = f(y) — (f(z) + g(x)) — (z* | y — x) we get
Vye X, fly) > (" —=2"|y—x)+ f(),

so that * — 2* € 0f(x). Thus, 2* € O(f + g)(z) can be written as the sum of
z* € dg(x) and z* — z* € Of (x). O

Theorem 41 (Moreau-Rockafellar). Let f € T'o(X) and A : Y — X be a con-
tinuous linear operator between two topological vector spaces. Assume the following
qualification hypothesis holds:

cont f N A(Y) # 0.
Then, for all y € Y one has
I(f o A)(y) =A"0f(Ay).
Proof. Let y € Y, and y* be an element of 8(f o A)(y). This reads
Vz €V, f(Az) 2 U(z) == f(Ay) + (y" | = — y).

We introduce K = epi f and L = {(Az,¢(z) | z € Y} which are two convex subsets
of X x R. Since the function f is continuous at some point in X, the set K has
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non-empty interior and is therefore equal to the closure of its interior M := int K.
The convex sets M and L are disjoint thanks to the subdifferential inequality above
and the set M is open, so that by Corollary [5| there exists a non-zero continuous
linear form (z*, ) € X x R such that

inf (x"|z2)4+at= inf (2"|2)+at> sup (z%|2x)+ as.
(m)eK< | 2) (:c,t)eM< | z) (LS)eL( | )

We argue similarly as before to prove that a > 0. By assumption, there exists a point
yo € Y such that Ay € cont f. Taking x = Ayg in the infimum and supremum and
choosing t > f(Ayp) and s = £(yo), so that ¢t > s, we obtain that o > 0. Second, we
note that a = 0 implies that dom f and A)Y are linearly separated, a contradiction
with cont f N AY # 0. Dividing 2* by « > 0 if necessary, we now assume that o = 1.
The separation inequality can then be rewritten as

Vee X, Vzel, (o |x)+[f(x) = (2" [ Az)+4(2) = (2" | Az)+ f(Ay)+ (" [ 2—v).
Taking z = y in this inequality inequality, we get
Ve e X, (z" | z) + f(x) = (27 | Ay) + f(Ay),
ie. —x* € f(Ay). Taking z = Ay on the other hand, we obtain
Vze ), (Az"+y" |y—2) >0,
showing that —A*z* = y*. Thus, y* = A*(—z*) with —z* € 0f(Ay) as desired. [

Theorem 42 (Dubovitskii-Milyutin). Let X be a topological vector space, let fi,..., fn €
Lo(X) and define f = supy<;< fi. Then for all x € cont(f1)N...Ncont(fn), and

I, := argmaxer fi(x),
df(x) = conv (U 0fi(fv)> :

i€l

A more general version of this theorem, where the index set is not finite but
compact is proven in [Zal02, Theorem 2.4.18].

Proof. We let K = conv (J;e;, 9fi(x)) € X*. For proving that df(x) = K we note

fH(x;0v) = lim flztto) = J(@)

t—0,t>0 t

fiz +tv) — fi(x)

= lim max
t—0,t>0 icl, t
(x +tv) — fi(x
= max lim filz +tv) — fix)
i€l; t—0,t>0 t

— + (-
= max fi7 (2;v).
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Since the f; are continuous at x, the function f is also continous at x. Using Re-
mark [16] the previous computation thus yields

Tof(@) = WX T0fi(w):

By Proposition we deduce that op¢,) = ok, and since both K and df(x) are
convex and weak*-closed, we deduce from Proposition (13| that K = 0f(z). O

3.5 Application: optimality conditions
3.5.1 Examples

Ezample 16 (Fermat’s problem). We consider the following minimization problem

min o; ||z —z1||+ ...+ an ||z —zN],
zERY

where a1, ...,ay > 0 and where z1,...,z5 € R? are distinct points. The minimizer
of this problem is called a Fermat point. Putting f; = ||- — z;||, we have

ofi(a) = { Teml  BTF
B(0,1) ifzx=u

Since all the functions f; are convex and continuous, by Theorem

>y ZmeH} if v & {x1,...,on}

a(alfl++a1fN) = { o .

Thus, z is a Fermat point iff

(x =z, and ZQZH —HJH < ;)
i#j i !
r (z & {x1,...,zn} and Zaiﬁzo_)

Ezample 17 (Lasso problem). Let A a m-by-d matrix, y € R™ and v > 0. We
consider the following modification of the least-squared problem

1 2
in — ||Az — .
min o Az = ylly + 7 fllly
Set f(z) =3 || Az — yll3 and g(z) = ||z||,. Setting h = |-| we have

0f(z) = {Vf(2)} = {AT(Az - y)},
0g(x) = Oh(x1) X ... x Oh(xy)
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Since these functions are continuous and convex, Theorem 40| gives 9(f + vg)(z) =
Of(x) +~v9g(x). Thus, x is a minimizer of the problem if and only if

v; =sgn(x;) ifz; #0

AT (Az — y) = —yv where v satisfies
( y) 7 {Ui S [—1,1] ifz; =0

or in other words, letting A; be the ith column of A, x is a minimizer iff

[(Ai | Az —y)| <~ if z; =0
(A; | Axr —y) = ysgn(z;) otherwise

[(Ai | Az —y)| <~ if z; =0
(A; | Az —y) = ysgn(z;) otherwise.

One can see from this example that the term ||z||; induces sparsity of the solution

3.5.2 Karush-Kuhn-Tucker theorem

Theorem 43 (Variational characterization of optimality). Let K C X be a closed
convex subset and f : X — R be convex Isc, and assume that

(int K Ndom f # () or (K Ncont f # 0)).

Then, the following are equivalent :
(i) = is a minimizer of f on K ;
(1) —0f(x) N Nor, K # (.
(iii) 3z* € Of (x) s.t.
Vye K,(x—y|—x")>0.
Proof. The point x € X minimizes f on K if and only if it minimizes f + g with
g = ix. This is also equivalent to 0 € 9(f + g)(x). Since domg = K and cont g =

int K, the first hypothesis is equivalent to cont g N dom f # () and the second one is
equivalent to dom g N cont f # (). In either case, one can apply Theorem [40| to get

I(f+g)=0f(x)+ dixg = df(x) + Nor, K.

We deduce that x is a minimizer if and only if there exists z* € df(x) such that
—z* € Nor, K (this is (ii)) and the equivalence with (iii) comes from the definition
of the normal cone. O

Proposition 44 (Normal cone of sublevel set). Let g € I'g(X), let K = lev<og and
assume Slater’s condition:

K Ccontg
{lev<og #0
Then,
0 if g(x) <
Nory K = ¢ Rtdg(x) if g(x)
0 if g(x) >

0
0.
0
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Proof. First we note that if g(x) < 0, then by assumption x € contg. Thus, g <0
on a neighborhood of x, which implies that i is locally equal to zero. From this we
deduce that Nor, K = Oig(x) = {0}.

From now on we assume that g(z) = 0. We first prove the inclusion R*dg(z) C
Nor, K. Let z* € dg(x), so that

Vye X, g(y) =2 (=" |y —z) +g(x)
Multiplying this inequality by A > 0 we get

Yy € K,02 Ag(y) > (Aa” |y —x) + g(),
~~
=0
thus showing that A\z* € Nor, K.

Let us prove the converse inclusion Nor, K C Rtdg(z). Let z* € Nor, K. By
definition of the normal cone, for all y € K one has (z* | ) > (z* | y), implying that
K is included in the complement of the closed half-space H = {y € X | (z* | y) >
(x* | ) > 0}. This in turns implies that g > 0 on H, so that x minimizes g over H.
Since z € cont g Ndom(ig), we can apply the subdifferential sum rule:

0€d(g+iyg) = 0g(x) +RT{—z*}.

In other words, there exists y* € dg(x) and A > 0 such that Az* = y*. Note that A
cannot be zero since x is not a minimizer of g. Then, x* = %y* as desired. O

Theorem 45 (Karush-Kuhn-Tucker). Let f,g1,...,98 € To(X) let K = (), <;< 5 lev<o gi,
and assumes that Slater’s condition -

{lev<ogi C int dom g; Vie{l,...,N} (12)

dom fNleveggr N...Nleveggy # 0

hold. Then the following are equivalent:
(i) = is a minimizer of f on K ;
(ii) there exists A1,..., AN > 0 such that

0€df(x)+ Aogi(z) + ...+ AnOgn(x)
)\igi(fL‘)ZO ViG{l,...N}

Remark 18. If the functions g; are continuous, the first hypothesis in Slater’s condi-
tion automatically holds.

Remark 19 (Lagrange multipliers). The scalars A1, ..., Ay whose existence is given
by the theorem are called Lagrange multipliers. If A1,..., Ay are as in the theorem,
we directly obtain that  minimizes f+A1g1+. ..+ Angn over X. Thus, knowing the
Lagrange multipliers allows to replace the constrained optimization problem ming f
by an unconstrained problem.
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Proof. We consider K; = lev<gg;. The second assumption’s in Slater’s condition
ensures that there exists a point in dom f in the interior of the sets K, i.e.

dom f Ncont(ig,) N...Ncont(ix, ) # 0.
Applying Theorem [0] recursively, we obtain

O(f +ik, + ... +iky)(z) = 0f(z) + Oik, (z) + ... + ik, ()
= Jf(x) + Nory K1 + ...+ Nor, Ky,

so that # € K minimizes f on K iff there exists 2* € df(x) and z} € Nor, K; such
that —z* = 27 + ... + . Since in addition for x € K, we have

)

+ 9. 3 )
Nor, I; — R*0gi(z) if gi(z) <0
{0} if not

we get that o7 = Ny with y € dg;(x) and A\; =0 if g;(x) < 0 and A; > 0 if not, as
desired. n

3.6 Differentiability almost everywhere

Motivation Given a compact convex domain K C X and z* € X*, we consider
the following linear programming problem:

sup (" | ) (13)
zeK

We denote f : z* € X* — R the value function of this problem, i.e. f(x*) is the

value of the maximum in the previous definition. In other words, f is the support

function of K. Then, f is convex and if = is a solution to (13)), i.e. if x € K and

f(x*) = («* | ), one has

@t o) = lim S (FF (@ +ev”) — f(@)

e—0 €

1
> lim —((z" +ev” [ 2) — (2" [ 2)) = (v | 2)
e—=0 ¢
It is often useful to know whether has a unique maximizer. Suppose that there
exists ¢ # y € K such that f(z*) = («* | ) = (z* | y). Then, as before,

FH",v") = max((v” | @), (v" | ).

This shows that the application v* € X* — fT(z*;v*) is not linear, so that f
is not differentiable at x. Thus Gateaux-differentiability of f at x® implies the
uniqueness of the minimizer to the linear programming problem . If we prove
that f is Gateaux-differentiable “almost everywhere”, we get that the problem ([13)
has a unique solution for “almost every” linear form z* € X*. (Note that this last
property is quite intuitive when K is a convex polytope in R%.)
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Remark 20. Characterizing the non-differentiability locus of convex functions also
has applications in optimal transport [M 95|, in optimal control [CS04], etc. There
exists many results on the “size” of the non-differentiability locus of convex functions,
both in finite [AAC92] and infinite dimensions [BV 10, §4.6].

On R, convex functions are differentiable almost everywhere thanks to the fol-
lowing proposition.

Proposition 46. Let f : R — R be convex. Then, there are al most a countable
number of points in dom f where f is non-differentiable.

This proposition is false in higher dimension, consider e.g. f(x1,z2) = |21| on R2.

Proof. Consider f (z) = f*(z;1) et f'(z) = —fT(x,—1) the right and left deriva-
tives. These functions are increasing (exercise) and for all x < zy in dom(f),

f ) it LW I J0) @)

y>r Y — To— T

thus showing the inequality

lim fL(z) < fL(x0) < fi (o).

.27—>a?0

The function f is differentiable at x¢ if and only f’ (z¢) = f% (z0). Thus, if f is not
differentiable at x¢, the right derivative f} has a jump at xzo:

lim fi(z) < fi(zo).

=T
One concludes by using that an increasing function can only have a countable number
of jumps. O
3.6.1 Gateaux-différentiability almost everywhere

Theorem 47 (Mazur). Let X be a separable Banach space and let f : X — R be
continuous and convex. Then, f is Gdteauz-differentiable on a dense subset of X.

To prove this theorem, we start by considering a dense sequence (vp)p>0 in X,
which exist thanks to the separability assumption. Then, we introduce the sets

Am,n = {l’ eXx | f+(l',Un) + f+($a _Un) > 1/m}, A= U Am,n (14)

m,n>1

The sketch of the proof is as follows:
a. First we prove that f is Gateaux-differentiable on X'\ A4,
b. Second, that all sets A, , are closed and have empty interior.
Then, by Baire’s theorem, we know that A has empty interior (i.e. X' \ A is dense).

Lemma 48. The function [ is Gateauz-differentiable on X\ A.
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Proof. As f is continuous on X, by Corollary [34]

f is not Gateaux-differentiable at x € X
= e X, fH(z,v)+ fT(z,—v) >0
= e X, Im>1f(z,v)+ f(x,—v) >2/m
= Im,n > 1, fH(x,v,) + [T (z,—vs) > 1/m
—x€Ann CA,

where we used the continuity of the map v — fT(x,v). O]
Lemma 49. The set A, , defined in 18 closed.

This is a consequence of the following proposition, showing that for any v € X,
the directional derivative fT (-, v) is upper-semicontinuous. Then, f*(-,v)+f7 (-, —v)
is also usc, and A, , is closed as a superlevel set of a usc function.

Lemma 50. Let f : X — R be conver and let v € cont(f). Then, for any sequence
(Tn)nen converging to x, one has f+(z,v) > limsup,_, o [ (zg,v).

Proof. By convexity and continuity, f is M-Lipschitz in a neighborhood of x. With-
out loss of generality, we assume that the sequence (z,)pen remains in this neigh-
borhood. Let € > 0. Using the Lipschitz property, we get

Lt o) - £@) 2 (Gt ev) — Fla) — 2L o — )
>+ (zp,v) — w

Taking the infimum on the left-hand side we get

ST (@;v) > limsup [ (g, 0). =

k—o00
Lemma 51. The set A, defined in has empty interior.

Proof. Assume that the interior of A,,, contains a point z, i.e. there exists r > 0
such that B(z,r) C Ay, . Let 24 := x4+ tv, and g : t € [0,7] — f(x;). Then,

vt € [07T]7 —f+(l't,—'0n)+1/m§f+(l‘t,Un)
=Vt € [0,7], g is not differentiable at ¢

This contradicts Proposition which shows that the non-differentiability set of g
is countable. ]
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3.6.2 Fréchet-differentiability almost everywhere on R?

The behaviour of convex functions on R? is much simpler than on infinite-dimensional
spaces. Let f: RY = R be a convex function and let & € cont f. We will prove the
following chain of implications:

dmits partial derivati (ﬂ )
f admits partial derivatives ( 77-(z) \eied

= the application v — f*(x;v) is linear
— f is Gateaux-differentiable at x
= f is Fréchet-differentiable at z

From this, we will deduce that a convex function f : R* — R is a.e. differentiable
on its domain.

Proposition 52. Let f : R — R be convex. If f is Gateaus-differentiable at x €
int(dom(f)), then f is also Fréchet-différentiable at x.

This proposition follows from the next lemma and from the fact that f is locally
Lipschitz around =x.

Lemma 53. Let f : B(z,r) C R? — R be convex and Lipschitz. Then, f is Gateaua-
differentiable at x iff it 1s Fréchet-différentiable at x.

Proof. Let S be the unit sphere of R?. By compactness, for all ¢ > 0, there exists
a finite family of vectors (vi)i1<i<ny of S such that S C U;B(v;,e). By Gateaux-
differentiability of f at x, for all i, there exists §; such that

Vt € [=6;,6i), ||f(z+tvi) — (f(@) + tf T (z;0:))]| < et
Consider 0 := min; §; > 0. By construction of the (v;), for all v in S, there exists
i €{1,...,N} such that ||v; — v|| < e. Then, using that f is Lipschitz (which implies
that f+( -) is also Lipschitz), we have

1f (@ +tvi) — fz +to)|| < M t|e
[ f (@5 00) = [ (z50)|| < Mtle

Thus, for all v € S and all || <4,

| f(z+tv) = (f(2) + tf7 (@;0)|| < || f(2+to) — (F(2) + T (250)) || + 2Me [t]
< (2M + 1)e

Equivalently (by homogeneity of f¥(z;-)) we have for all v € R?, ||v|| < 4,
[f (@ +v) = (f(z) + fF(z30)]| < (2M +1)e o]

thus showing that f is Fréchet-differentiable at x. O
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Proposition 54. Let f : R — R be convexr. Then, f is Gdteauz-differentiable at
x € int(dom(f)) iff it admits partial derivatives at x.

Lemma 55. Let g : R* — R be sublinear. Then, the set
V={veR!| ff(z;0) = —f"(z;—v)}
is a linear subspace of RY.

Proof. The fact that V is stable by multiplication by a scalar follows from the homo-
geneity of g. By sublinearity, 0 = g(u+(—u)) < g(u)+g(—u), so that —g(—u) < g(u).
Let v,w € V. We have

g(v+w) < g(v) +g(w) = —g(—v) + —g(~w) < —g(—v —w) < g(v + w),

where we used sublinearity to get the first and second inequality, the definition of
V to get the equality, and the property —g(u) < g(—u) to get the third inequality.
This shows that v +w € V, proving that V is a linear subspace. ]

Proof of Proposition[54] The function f islocally Lipschitz near z and g = f*(x;-) is
sublinear. Let V := {v € X' | g(v) = —g(—v)}. By the previous lemma, V' is a linear

subspace of X. Since the partial derivatives exist, we have f*(z;—e;) = —f1(x;¢€;)
for all basis vector e;, thus showing that e; € V for all i. Therefore, V = X and
f1(z;-) is linear. O

Theorem 56. Let f : R® — R be a convex function. Then f is Fréchet-différentiable
at a.e. point in int(dom(f)).

Proof. Let A be the non-diffentiability locus of f in Q := int(dom(f)). By Proposi-
tion [b4], the set A is contained in the union of the sets

0

A; = {x € Q| of does not exist x} .
8ei

Therefore, to show that A has zero measure, it suffices to prove that all of the sets

A; have zero measure. Without loss of generality, we assume that i = n, and we

consider ¢ the indicator function of A,. By Tonelli’s theorem,

AMAp) = - qzﬁ(m)daU:/Rnl/qu(y,xn)dmndy

However, for all y € R"~! ¢t s ¢(y,t) is the non-differentiability locus of the 1D
convex function t € R — f(y,t). By Proposition , B, is countable, and therefore
has zero Lebesgue measure, thus concluding the proof. O

Remark 21. In fact, one can prove that the non-differentiability locus of f : R — R
has Hausdorff dimension d — 1, and it is in fact a rectifiable set of dimension < d—1.
This means that S can be covered, up to a set with zero d — 1-Hausdorfl measure,
by a countable union of Lipschitz maps (¢, )nen with ¢; : R™1 — R [AAC92]. This
fact is used, in optimal transport, to give a characterization of pairs of measures for
which there exists an optimal transport map, see e.g. [MT95].
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4 Proximal operator

In this short chapter, we assume that X is a Hilbert space, which we identify with its
dual. We introduce the proximal operator, which is a basic building block of many
first-order methods for minimizing non-smooth convex functions. We recall that a
function f: X — R is coercive if lim 4|00 f(2) = +00.

4.1 Definition and properties

Definition 26 (Proximal operator). The proxzimal operator associated to a function
f € Ty(X) is defined by

1
Prox(e) = argmin o [l = y|* + £ (v)-

Ezample 18 (Projection). If K is a closed convex subset of X and f = i¢, then for all
v > 0 one has Prox,i,x = px(x). The proximal operator generalizes the projection
on a convex set, and shares some of its properties.

Proposition 57. Let f € I'o(X) and v > 0. Then,
(i) The minimization problem

1 2
ﬁg?ﬂm—MI+f@%
has a unique solution, implying that Prox,y is well defined.
(it) The point p = Prox, f(x) is characterized by the relation x € (id +~0f) (p).

(1it) The point x minimizes f on X iff x = Prox, f(x);

Proof. Let g = % |z —-||* and h = f+g¢. (i) The function h belongs to I(X). Since
f €To(X), fis equal to the supremum of its affine minorants (Proposition [26]), so
that in particular it admits an affine minorant: there exists * € X and a € R such
that f > (z* | -) + a. Thus,

1
h=f+g= " [)+atlz—*
2y
from which we deduce that h is coercive. In addition, h is strictly convex as the
sum of a convex and a strictly convex function. By Proposition we deduce that
h admits a unique minimizer.

(ii) Applying Theorem (0| on the subdifferential of a sum of two functions, which we
can use since cont(g) = X and dom f # (), we see that p = Prox,¢(z) if and only if

0€a(f+9)(p) = 0f(p) + i {p— 2} < € (id +10f) (D).

(iii) The point  minimizes f if and only if 0 belongs to d[yf](x) = v9f(x), or
equivalently if x belongs to (id + ydf)(x). O
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Ezample 19 (Proximal of /! norm). Let h: R — R,z — |z|. Then,

-1 ify<o0 y—7 ify<o0
Oh(y) = q[-1,1] ify=0 = (i[d+0h)(y) = q[-7.7] ify=0.
1 ify>0 Y+ ify>0

By the characterization given in the previous proposition, we get
x—vy ifx>n
Prox,n(xz) = ¢ 0 if —y<z<y
z+vy ifz < —y.
Thus, Prox,, is exactly the so-called soft thresholding operator

r) r—ysgn(r) if |r] >~
s+(1r) = .
7 0 otherwise

already introduced in Example If ¥ =R" and if f(z) = ||z||; = >, |@i], then

1 2 o1 2
min — ||z — + = E min —(x; — ¥;)° + (¥l ,
yeﬁgn 2 | yls+ f(y) 1<i<nyi€1R 27( i = Yi) |yl

so that Prox, f(x) = (sy(z1), ..., sy(zp)).

4.2 Proximal point algorithm

By Proposition [57] minimizing f is equivalent to finding a fixed point of the proximal
operator. This suggests the following minimization algorithm:

e X
"o (PPA)
Tn+l = PrOX’yf(xn)

This algorithm is called the prozimal point algorithm. 1t has been originally in-
troduced by Martinet [Mar70, Mar72| in the 1970s, and was later generalized by
Rockafellar [Roc76]. Before proving the convergence of this algorithm, we list a very
useful property of the proximal operator.

Definition 27 (Firm non-expansiveness). A map T : X — X is firmly non-ezpansive
it it satisfies one of the following equivalent conditions

(i) Yo,y € X, |T(x) - T(y)|” < (T(x) = T(y) | = - y)

(ii) Va,y € X, ||T(z) = TW)|* < llz = yI* = (& = T(x)) = (y = T(y))|

To see that these two conditions are equivalent, it suffices to remark that

(e = T()) = (y = T = llz = yl* + 1T () = T(W)* = 2z — y | T(x) = T(y)).

Note that a firmly non-expansive operator is 1-Lipschitz — but firm non-expansiveness
is a stronger property.
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Proposition 58. Let f € T'g(X) and let v > 0. Then
(i) The point p = Prox, f(x) is characterized by the inequality

Vge X, i<w—p|q—p> < f@) - 1)

(it) The operator T : x — Prox, f(x) is firmly non-ezpansive.

Note that (i) is a generalization of a well-known characterization of the projection
of a point on a convex set.

Proof. (i) The point p = Prox) f(z) is characterized by = € (id +~9f)(p) or equiva-
lently by %(m —p) € 0f(p). This is equivalent to

Vge X, flq) > f(p)+,1y<w—p\q—p>-

(ii) Let 1,22 € X and let p; = Prox, f(x;). We apply the inequality form (i)
using first x = x1, p = p1 et ¢ = p2 and then switching the roles:

f(p2) = f(p1) = —{x1 —p1 | p2 — p1)

f(p1) = f(p2) = —(x2 — p2 | P1 — p2)

== 2~

Summing these inequalities and multipliying by ~ > 0, we obtain

Ip2 — p1l|* < (p1 — pa | ©1 — 2). O

We note that since 7' = Prox, f is merely 1-Lipschitz, we cannot deduce the
convergence of the proximal point algorithm from Picard’s fixed point theorem (one
would need T to be k-Lipschitz for some k < 1). However, the property of non-
expansiveness allows prove convergence of the PPA.

Theorem 59 (Martinet). Let f € T'o(X) and assume that f is coercive, meaning
that 1im|z)| -4 o0 f(z) = +o0. Then, the sequence of points generated by the prozimal
point algorithm (PPA) weakly converges to a global minimizer of f.

This theorem is a direct consequence of the next theorem about firmly non-
expansive operators, where where we have set T' = Prox, ;. Note that by assumption,
f has a minimizer, implying that the set of fixed-points of T" is non-empty

Fix(T) = {z € X | T(z) = 2} # 0.

Theorem 60 (Martinet). Let T be firmly non-expansive and such that Fix(T) # (.
Then the sequence defined by xp41 = T(x,) converges weakly to a fived point of T.

A modern proof of this theorem placing it in the general setting of fixed point
iterations for a-averaged operators can be found in the book of Bauschke and Com-
bettes [BCT11]. We nonetheless present the original proof of Martinet, which is
self-contained, for the completeness of these notes.
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Proof. Step 1. We first prove that the sequence (z,)nen is bounded and that
limy, 00 |27 — Zpt1]| = 0. Let ¢ € Fix(T'). Firm non-expansiveness gives:

2 2 2
[T 2n = Tel|” < {lzn — ¢l|” = (@0 = T(2a)) = (¢ = T()"-
Using Tz, = 241 and T'(c) = ¢, we deduce that
|41 — CH2 < ln — CH2 — |J@n — $7L+1H2'
The sequence ||z, — ||, is therefore decreasing and bounded from below, and thus
admits a limit. This gives |z, — Zni1||® < [0 — ¢||* = [|2ng1 — > — 0.
n——+oo

Step 2. We prove that every weak cluster point Z of (z,)nen is a fixed point of T'.
First, we note that

|z = T@)|* = |20 — 2 + & - T(2)||
= lzn — 2|* + ||z = T@)|* - 2(zn — 7 | 2 - T(2)),
Second, using that z,41 = T'(z,,) and that T is 1-Lipschitz we get
lzn = T(@)|| = llzn — Zns1 + Tnsr — T(@)|
< len = znall + 1T (2n) = T(2)]]
< l#n = @ngll + [lzn — 2],
Combining these computations, we therefore get
12 = T(@)* = |20 = T@)* = 20 - 2I° + 2(z, — 2| & - T(2))
< (lzn = x|l + llzn = 2))* = llzn — 2 + 2(20 — 7 | 2 - T(2))
= @0 = zpal? + 2|20 — gl on — 2| + 2(20 — 2 | 7 = T(2)) = 0.

Note that we have used Step 1. to prove that the first two terms converge to zero
and the hypothesis that  is a weak cluster point to control the last term.

Step 8. Let ¢; and co be two weak cluster points of the sequence, which by Step
2 belong to Fix(T). By Step 1, we know that ||z,1 — ¢||* < ||zn — ¢, implying
that the sequence

2 2 2
[zn]l™ = 2(@n | i) = llzn —all™ = llall”,

is decreasing and therefore converging. Substrating these sequences for ¢ = 1 and 2,
we see that

(lzal® = 2(za | 1)) = (lenll® = 2(@n | c2)) = 220 | &1 = c2)

is converging. Since ¢; and co are weak cluster points of z,, we obtain by taking
limit over the corresponding subsequences

(c1]c1—co) =(ca|e1—c2),

implying |lc; — eo||? = 0, ie. ¢; = ¢3. The sequence (z,)n>1 is bounded and has a
unique weak cluster point, and is therefore weakly converging. O
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4.3 Proximal of the convex conjugate

Theorem 61 (Subdifferential and conjugation). Let f : X — R be proper. Then,
for any x € X and x* € X* the following two conditions are equivalent:

(1) «* € df(x) ;
(i) f(x) + f*(z%) = (z | 2)
If in addition f belongs to I'o(X), then (i) and (ii) are equivalent with
(111) x € Of*(z*) ;
Proof. (i)<=> (ii) A linear form z* belongs to df(z) if and only if
Vye X, fy) = flx)+ (" [y —z) <= Vy e X, (=" [y) — f(y) < (&" | z) — f(z)
= fH(") = Sg}g@" ly) = fly) < (" [ z) — f(=z)
y

= [1@") + flx) < (27 | x)

Since Fenchel-Young’s inequality asserts that f*(z*) + f(z) > (2* | x) always holds,
we get the equivalence between (i) and (iii).
(1)< (iii) Since f € I'o(X), we know from Fenchel-Moreau that f** = f. Therefore,

zt € 0f(x) <= f(x) + [ (") = («" | z)
= [T(x) + fH(27) = (" | 2)
=z e df(z"),
where we applied the equivalence between (i) and (iii) to the function f*. O

FEzample 20 (A sufficient condition for Gateaux-differentiability). Let f € To(X). If
f* is strictly convex, then f is Gateaux-differentiable in cont(f).

Proof. Let x € cont(f). To show that f is Gateaux-differentiable at x it suffices to
establish that Card 0f(z) < 1. Assume by contradiction that there exists xj§ # =7
such that xf, 27 € 0f(x). By convexity of 0f(z) one has z} = (1—t)x{+tx] € df(x)
for all ¢ € [0,1]. Thus, using the previous proposition,

vt € [0,1], f(x) = (7 [ @) — f*(27) = (xg | 2) = [ (ap) = (a7 | ) — 7 (7).

Therefore, f* is not strictly convex on [zf, 7). O
Corollary 62 (Prox of conjugate). Let X be a Hilbert space and f € T'g(X). Then,

Vo € X, Proxy(z) + Proxy«(z) = . (15)
Proof. Let p = Proxs(x). Then, by definition,

x € (id+9f)(p) <=z —p € df(p)
< peifi(z—p)
= rxex—p+ofi(z—p)
<= = —p = Proxf*(z). O
Remark 22. Eq. generalizes the formula x = projyz + proj, .z, where V=* is

the orthogonal of the subspace V C X. See Exercise for a generalization of this
formula to convex cones.
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5 Convex duality

5.1 Perturbations of convex problems

This section is inspired by the presentation of Ekeland and Temam [ET99] and by a
forthcoming book by Guillaume Carlier. We consider the problem of minimizing a
convex function f € I'g(X) on a space X

P = inf

Inf f(z),
and we assume that the function f can be written as f(z) = ®(x,0) where ® €
[o(X x ) is also convex, and where ) is another space. In other words, we assume
that the original problem is a special instance of the following problem, which is
parameterized by a vector y € V' :
P, := inf ® .
y = Inf &(z,y)

In the following, we regard ®* as a function on X* x Y*, through the identification
(X x Y)* ~ X* x Y*. The dual problem to the minimization problem P is then:

D = sup —9*(0,y").
y*ey*
The construction of this dual problem is be found in the proof of the following
proposition. Note that there is no uniqueness of the dual problem: there is one dual
problem to P associated to each perturbation ® of f.

Proposition 63 (Weak duality). The weak duality inequality P > D always hold.
Moreover, for (x,y*) € X x Y*, the following statements are equivalent:

(1) ®(z,0) = —27(0,y"),

(i) = is a minimizer of P and y* a maximizer of D and P = D,

(iii) (0,y*) € 0P(z,0),

(iv) (x,0) € 09*(0,y*).

Proof. Fenchel-Young’s formula asserts that
V(z,y") € X x V", @(z,0) + @*(0,57) = ((0,4%) | (#,0)) =0,

thus implying inf, ®(z,0) > sup,. —®*(0,y*). We deduce at once the equivalence
between the statements (i) and (ii). To see the equivalence between (i) and (iii), we
use the equality case in Fenchel-Young’s inequality (Theorem : equality holds if
(0,y*) € 0P(x,0). The equivalence between (i) and (iii) uses the same equality case
but applied to ®* and ®** = . O

Theorem 64 (Strong duality). Let X, be two spaces, let & € I'g(X,Y) and con-
sider the following minimisation problem: P = infy ®(-,0). Assume:

o P is finite ;

e the following qualification hypothesis is verified: Jxg € X, 0 € cont(P(xo,-)).

47



Then, the mazimum in the the dual problem D = maxy«cy~ —®*(0,y*) is attained
and strong duality holds
P=D.

In addition, the set of the mazimizers of D is the subdifferential of the value function
v:y €Y inf O(z,y).
TeEX

The following lemma is central:

Lemma 65. Under the assumptions of Theorem[06]], the value function v satisfies:
(i) v is convex;
(ir) v*(y*) = 2*(0,y") ;
(in particular, v(0) = P and v**(0) = sup,«cy- —®*(0,y*) = D ;
(iii) v is continuous at 0 ;

() Ov(0) # 0.

Since P = v(0) and D = v**(0), Moreau-Rockafellar’s theorem (Theorem
would directly imply P = D if v was lower-semicontinuous on ). This is not a priori
the case, but the last claim will nonetheless allow us to prove that v(0) = v**(0).

Proof. (i) Let yo,y1 € Y and let y, = (1 — t)yo + ty1. Then, for any ¢ € [0, 1],

v(y,) < inf O((1 —t)xo + tw, ye)

Z0,T1

< inf (1 —8)®(z0, yo) + t®(x1,y1).

Z0,T1

= (1 =t)v(yo) + tv(y1)

(ii) Given y* € Y* one has

v (y*) = sup(y” | y) — v(y)

yey

=sup(y* | y) — inf ®(z,y
supy” |3) = jnf, B(z.)

= sup  ((0,47) | (0,9)) — ®(z,y) = 27(0,y").
(z,y)eYxX

(iii) By the qualification hypothesis, there exists zp € X such that ®(zo, -) is contin-
uous near 0. Then,

= ] <
v(y) ;gg@(:c,y) < ®(xo,y),

is bounded near y = 0. Since the function v is convex, finite at and bounded near
the origin, v is continuous there (see Proposition .

(iv) From Theorem [38] the continuity of v at 0 implies the non-emptiness of the
subdifferential. O
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Proof of Theorem[64]. By the previous lemma, the subdifferential dv(0) of the value
function at y = 0 contains a linear form y* € Y. Then, by the equality case in
Fenchel-Young’s inequality,

v(0) +v*(y*) =0
v(0) +v*(2*) >0 Vz*e)’

which can be rewritten as Vz* € Y*, —v*(2*) < v*(y). Thus,
v™(0) = sup —v*(2") = —v"(y") = v(0).
ZreY*
This shows that P = D, and that y* is a maximizer of the dual problem. O

Ezample 21 (Application: linear programming). As a first simple application, we
consider the case where X = R", ) = R™, which we identify with their dual spaces
through the Euclidean scalar product. Given a matrix with n columns and m rows
and b € Y and ¢ € X'*, we consider

(I)(.iU,y) = <C ’ aj> + iAx—bSy-

Thus,

P = inf ®(2,0) = min{c| ),
reX Az<b

where Az < b means that for all j, (Az); < b;. The primal problem consists in
minimizing the linear form (c | z) over the polyhedron K = {x € X | Ax < b}. For
simplicity, we assume that K has non-empty interior, thus ensuring the existence of
zo € K such that ®(z¢,) is continuous at 0. By strong duality (Theorem [64)), we
therefore obtain P = D where the dual problem is given by

D = max —®*(0,y").
nax 0,97)

Let us now compute the convex conjugate appearing in D:

o*(0,y%) = sup  ((0,47) | (z,y)) — (z,y)
(z,y)€X XY

= sup " [y) —(c| ).
(z,y)EXXY|Az—b<y

At this point, we note that if y > 0 for some ¢, then for all A > 0, setting y = Xe;
and x = x¢ in the supremum, we obtain

o*(0,y%) > Ayt — (¢ | z0) 225 400,
thus showing that ®*(0,y*) = +o0. On the other hand, if y < 0 for all ¢, then the

supremum in y is attained for y = Ax — b, i.e.

®*(0,y") = sup(y” | Az —b) — (c|z) =

—(yr by if ATy =c
TEX

+00 if not
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Thus, the dual problem can be written as

D = max —®*(0,y") = max (y* | b).
y* y*<0 and ATy*=c

Note that the maximum is attained in D as a consequence of the strong duality
theorem.
5.2 Application: Lagrangian duality

In this section, we briefly see how the method of perturbation can be used to recover
Lagrangian duality for constrained optimization problems where the constraint set
is defined by a family of inequalities. Let f, g1,...,gn € I'o(&X), and consider

P:i%ff,K:{xeX|g1($)§07~-79N($)§0}-

We construct the perturbed problems for y € R? by

Py =inf{f(z) | g1(z) < —y1,...,.9n(z) < —yn}.
This amounts to introducing the following perturbation function
o: X xRY 5 R

(2,9) flx) ifgi(x) < —gyifor 1 <i< N
x? .
Y +00  otherwise

The function ® can also be expressed as

(I)(xvy) = f(x) + Z iepi(gi)(xv _yi)7

1<i<N

and this expression clearly shows that ® is convex and lower-semicontinuous. We
assume the following condition, similar to :

dzg € dom f s.t. gi(zo) <0 forie{1,...,N}. (16)

Thus, ®(zo,y) = f(x0) as soon as ||y||, < mini<j<n |gi(xo)|, implying that ®(xo, y)
is continuous near y = 0. We can therefore apply the strong duality theorem (Theo-
rem , which gives us P = D = sup,.cgny —®*(0,y"). The conjugate ®*(0,y*) can
be computed explicitely in terms of the Lagrangian of the problem, i.e.
L:XxRY R
(@A) = f@)+ > Aigila). (17)

1<i<N

Note that we replaced the dual variable y* € (RY)* by A € R to follow the standard
notation for Lagrange multipliers.
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— f$ L ’ . .7)\1' >
Lemma 66. ®*(0,)\) = { infrex L(z,y)  if Vi 0.

~+00 if not
Proof. By definition,
2*(0,A) = sup  (A]y) — P(z,y)
(z,y)eX xRI
=sup{(A | y) — f(2) | (z,9) € X x R s.t. Vi, gi(2) < —y,}.
Note that if \; < 0 for some i, one can take x = xg and y = —re;, where ¢; is a

coordinate vector and r a large number, to show that ®*(0, \) = +o00. On the other
hand, if \; > 0 for all i, the scalar product (y* | y) is maximized when —y; = g;(x),
so that in this case

sup —A\; Zgi(-f) — f@) = - igﬁ(L(iﬁa A) o

This leads to the following expression for the dual problem:

D = sup —®*(0,y*) = sup inf L(z,\).
AeRY AERY TEX

Theorem 67 (Lagrangian duality). Let f,g1,...,9n € To(X) satisfying the qualifi-
cation condition , and define the Lagrangian L as in (17). Then,

inf sup L(z,\) = max inf L(x,\),
reX AERf AERf zeX

if one assumes that the left-hand-side of this equation is finite.

If A e Rf 18 a solution of the dual problem, then x is a solution to the primal
problem if and only if it satisfies the three Karush-Kuhn-Tucker conditions

o admissibility: g;(x) <0 forie{l,...,N}

e Lagrangian minimization: © € arg miny L(-, A),

e complementary slackness: A\igi(x) =0 forie {1,...,N}.

5.3 Application: Fenchel-Rockafellar’ theorem

Let X, be two spaces, g € ['o(X), h € T'o(Y) and A : X — Y be a continuous
linear operator. Consider the primal minimization problem

P= ;Iel/fyg(x) + h(Az),

and the dual maximization problem

D= sup —g"(A%y") — h*(=y").
y*ey*

Proposition 68 (Weak duality). P > D.
Moreover, if P = D then the following statements are equivalent:
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(i) = is a minimizer in P and y* is a mazimizer of D ;
(1)) A*y* € 0g(x) and —y* € Oh(Ax) ;
(i11) x € 0g*(A*y) and Az € Oh*(—y*).

Proof. We first prove the weak duality inequality P > D: by Fenchel-Young,
V(y,y") € X x X", g(y) + 9" (A™y") = (y | A™y")
V(y,y") € X x X, h(Ay) + 1" (—y") = (Ay | —y"),
thus giving
P = inf g(x) + h(Az) > sup —g(A"y") — h(—y").
TEX yrEX*

Now assume that x is a solution of P and y* a solution of D and that P = D.
Then,

9(x) + h(Az) = —g(A™y") — h(—=y").

Using Fenchel-Young’s inequality, we may rewrite this as

g(y) + 9" (A%y") = (y | A"y") + h(Ay) + K" (—y") — (Ay | —y*) = 0.
>0 >0

By Theorem [61] these two equalities hold if and only if A*y € dg(x) and —y* €

Oh(Az) iff x € dg*(A*y) and Ax € Oh(—y™). O
Theorem 69 (Fenchel-Rockafellar). If P is finite and if the following qualification
holds

dxg € domg s. t. Axg € cont h.
Then, P =D.

Proof of Theorem[69 We introduce f(x) = g(z) + h(Az) and the perturbation
P(z,y) = g(x) + h(Az —y).

The dual problem associated to this perturbation is D = sup, —®*(0,y*). We now
compute ®*(0,y*):

(D*(an*) - sup <(07y*) ‘ (l’,y» - (ﬁ(x?y)
(z,y)eXxY

= su U) | (2, 1) — (g(x) + h(Ax —
(w’y)egxy«o y*) | (z,y)) — (9(z) + h( y))

= sup (y"|Ax—2z)—(g9(z)+ h(2)) B
(z,2)EX XY

= sup(A™y" | z) — g(z) +sup(y” | —2) — h(2)
reX zeY

=g (A%y) + 1" (=y").
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Therefore, the dual problem is

D = sup —9*(0,y") = sup —g*(A*y) — K" (—y").
y* y*
By assumption, there exists xo € dom g such that Azxg € cont h. Thus, ®(xg,-) =

g(xo) + h(Azy — y) is continuous at y = 0. By Theorem [64] we get P = D and the
existence of a maximizer for D. O

Remark 23 (Proof by subdifferential calculus). If the minimum in the primal problem
P is attained, one can prove Theorem using subdifferential calculus. Assume
for simplicity that J = X and A = Id. To prove the D > P, we assume that
x € argmin g + h. Thanks to the qualification hypothesis we can apply Theorem
on the subdifferential of the sum, giving

0€ d(g+ h)(x) =0g(x)+ Oh(x).

Thus, there exists * € dg(x) such that —z* € Oh(z). Therefore, using the equality
case in Fenchel-Young (Theorem we get

g9(x) + 9" (") = (2" | x), h(z) + b (=2") = (=2" | z).

Sumiming these inequalities, we obtain g(z) + h(z) = —g*(z*) — h(—2"), implying
the strong duality P < D.

Ezample 22 (Von Neumann minimax theorem). Let X and Y be two Hilbert spaces,
andlet C' C X, D C Y be two closed and bounded convex sets. Finally,let L : X — )
be continuous. We consider the problem

P = inf L .
igc§$< r|y)

We note that, introducing op the support function of D, one has

sup(Lz | y) = op (L),
yeD

so that
P = inf Lx) = inf i Lx).

l}gcap( x) égxzc(m) + op(Lx)
We can therefore apply Fenchel-Rockafellar’s theorem with ¢ = o¢ and h = op.
We note that since D is bounded, one has op(y) < M |ly|| with M = max,cp ||z].
Thus, op is continuous on Y, so that the qualification hypothesis Jz¢ € dom(g) s.t.
Lzxg € cont h trivially holds. By Fenchel-Rockafellar’s theorem, we deduce P = D
with

D =sup—g"(L"y) — h*(-y).

yey
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Recalling that ¢* = (ic)* = o¢ and h* = (op)* = ip, we see that
D =sup —oc(L"y) —ip(-y)
yey

=sup —oc(—L"y) —ip(y)
yey

= sup —sup(—L"y | 2)
yeD zeC

= sup inf Lz).
ygg;gc<y! z)

Ezample 23 (LASSO). Consider again the LASSO problem
1 2
min o [|Az = b3 + 7 flll,

which is under the desired form by setting h(y) = 3 ||y — bl|3 and g(z) =~ |z,. To
compute the dual problem we need to compute the conjugate functions to f and g:

g" (") = sup (z* | z) — vz,
zeRd

X
=7 sup (— | z) — vlz[;
zeRd Y

= ’Vi[fl,l]d ($>
y

= Y qppt =iy,
where we used that the convex conjugate of the norm is the unit ball of the dual
norm. Similarly, one can compute h*:

1 2 1 2 2
W (y") = sup {y™ [ y) = 5 lly = blla = 5 lly" + bl — [lBl]”-
y€ER4
Thus, the dual problem is
* ko k * * 1 k ok k ok
D = max, ~g"(A4%") =" (-y") = max {3 [4%" + 0P + I | 42" € [t}
x

The unconstrained non-smooth optimization problem P is tranformed into the con-
strained smooth optimization problem D.

Ezample 24 (Rudin-Osher-Fatemi). As a second example, we consider an abstract
version of the Rudin-Osher-Fatemi model for image denoising: given some zy € R?
and a linear operator D : R? — R" we consider

1 2
P—=min - ||z — +~||Dx||; .
2eRd 2 || 0||2 7” ||1

Fenchel-Rockafellar’s theorem can be applied by setting g(x) = % |z — x0||2, h(z) =
v |I/l{ and A = D. The dual problem is then

1 2
D = max —¢*(D*y*) — h*(—y*) = max —— ||DTy* + zolls + ||zoll?.
Jnax —g" (DY) =W (y") = max =g [DTy" 4ol + ol
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This problem is much easier than the primal problem, because the optimized function
is quadratic and the constraint set is separable (i.e. a product of segments). This
problem is, for instance, directly amenable to projected gradient descent. Once a
solution y* to D is found, we know by Theorem [69| that if z is a solution of P, then

z € 99" (Dy") = {Vg"(D"y")} = {DTy" + w0}
This gives us the explicit expression z = x¢ + DTy*, allowing to recover the primal
solution.
Ezample 25 (Minimization over a polyhedron). Let A be a n x d matrix, let b € R™
and ¢ : R — R be a convex function. We consider the minimization problem

P =inf{g(z) | Az < b},

where the inequality Az < b should be understood coordinatewise, i.e. (Az); < b;
for all 4. This problem can be recast under the form

P = inf g(x)+ h(Azx)
reRd
by setting h = iy, where L = {y € R" | Vi,y; < b;}. Assume that:
e there exists zo € R?% such that Azg € int L. Note that this implies that the
polyhedron K = {2 € R? | Az < b} has non-empty interior,
e P is finite.
Then, the assumptions in Fenchel-Rockafellar’s theorem are satisfied and we thus get

P =D = max —g*(A*y*) — h*(—y*).
s g (A™y") (=y")

Let us compute h*:

{y*[b) ify <0,

e (v*) = * o — * — )
(y*) = sup (y* | y) —irL(y) = sup(y” | v) { oo othermise.

yeR” y<b

Thus,
D = max{—g*(A"y") — (y* | b) | y € R",y < 0}.

If g(x) = (¢* | ), P is a linear programming problem, and we recover linear pro-
gramming duality (under the unnecessary assumption int K # )) as in Example
Indeed, by Example [} ¢*(z*) = i+, so that

D =max{—(y" | b) |y € R",y <0 and A*y" = "}.

5.4 Application: duality in optimal transport

Given a compact subset Q of R%, we denote:
e C°(Q) the space of continuous functions over €,
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o M(Q) = (C°(Q))* the space of finite measures over {2 with the weaks* topology:
a sequence of measures (fi,,)n>0 converges to pu weakly if

vo € COQ), T (un | 6) = (| 9)

—+00

e M () the space of non-negative measures, i.e. measures u such that for all
non-negative test function ¢ € C%(Q) one has (u | ¢) > 0.
e P(Q) the space of probability measures, i.e. non-negative measures p such that

(1) =1.
Let Q,9 be two compact subsets of RZ. Given (¢,1) € X := C°(Q) x C°(Q), we
denote

PO (2,y) € XX Q = d(x) 4+ P(y).

Given a cost function ¢ € Y := C%(2x ) and two probability measures u, v € P(Q),
we consider the following optimization problem:

sup  (u] @)+ {v[y),
(6.0)eX|p@p<e

which can be written as P = —inf 4 ,)cx ®((¢,v),0), where

d:XxY— R
—(ple)+wly) ife@yp<c-p

400 otherwise

((¢,4),p) H{

The associated dual problem is D = sup,cy- —®*((0,0),~) with

®*((0,0),7) = sup ((¢,%)|(0,0)) +(p[v) —2((¢,9),p)
(($).p)

= sup (|7 + o)+ vy
((¢:%),p) | p&Y<c—p

_ SUD((4,0) p)|pr<c—p(C — @BV | V) + (| o) + (v |¢¥) ifye MH(QxQ)
+00 otherwise

_ el ity el(p,v)
—+00 otherwise,

where we have denoted I'(u,v) the space of transport plan between p and v, i.e.
non-negative measures v € M™(Q x Q) such that for all test function (¢,) one has
(v]o®vY) = (| ¢)+ (v|1). We have thus proven Kantorovich’s duality:

=— inf & 0
(¢,w)esgﬁ®w§c<ﬂ|¢>+<yw> (s)ex ((6,9),0)

= —max —9*((0,0),
ma ~*((0,0),7)

= min c).
VGF(W)M )
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A Topology and functional analysis

A.1 Point-set topology

We briefly recall some elementary notions from topology, even if we assume some
familiarity with them.

Definition 28 (Topology). A topology on a set X is a family of subsets 7 of X,
called open sets, which satisfy the following axioms:

(i) the empty set is open, i.e. ) € T;

(ii) the intersection of a finite family of open subsets is open: if wq,...,wx € T,

then wiN...Nwg €7T.

(iii) any union of open subsets if open: if (w;);er belongs to 7, then so does U;w;.
The space (X, 7) is then called a topological space. The complement of an open set
is called a closed set.

Ezample 26 (Metric topology). Let (X,d) be a metric space, i.e. d: X x X — R
satisfies the assumptions

(i) d(x,y) > 0 with equality if and only if z = y;

(i) d(z,y) = d(y,x) for all z,y € X;

(iii) d(z,z) <d(z,y)+d(y,z) for all z,y,z € X.
We denote B(z,r) = {y € X | d(x,y) < r} the closed ball. We call a set w open if
for any = € w, there exists r > 0 such that B(z,r) C w. Then, the family 7,4 of such
open sets satisfies the axioms of a topology.

Definition 29 (Neighborhood). Let (X, 7) be a topological space. A neighborhood
of x € X is any set that contains an open set, which itself contains x. A neighborhood
basis at x is a family B, of subsets of X sucht that (i) every set B € B, is a
neighborhood of x and (ii) for any neighborhood N of z, there exists B € B, such
that B C N.

Ezample 27. In a metric space, the sets B, = {B(z,6) | § > 0} and B, = {B(z, 1) |
n € N} form two neighborhood bases at .

Definition 30 (Continuity at a point). A function f : (X,0) — (¥, 7) between
topological spaces is continuous at x if for any neighborhood B of f(x), the inverse
image f~1(B) is a neighborhood of z. Equivalently, f is continuous at z € X iff
there are neighborhood bases B, at x and Bj(,) at f(z) such that

vC € Bf(x),EIB € B, s.t. f_l(C) C B.
In the case of metric spaces, one recovers the definition of continuity using € and J.

The notion of continuity depends on the choice of the topologies ¢ and 7. This is
important to keep in mind, because we will sometimes consider two topologies over
the same space.
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Definition 31 (Continuity). The function f : (X,0) — (Y, 7) is continuous on X
if it is continuous at every x € X. Equivalently, f is continuous on X" if the inverse
image of any open set under f is open, i.e. Vw € 7, f~(w) € 0.

Definition 32. A topological space (X, 7) is called
e separated or Hausdorff if for any distinct points x,y € A have neighborhoods
Og, Oy such that O, N O, = 0.
e metrizable if the topology 7 is induced by a metric;

Remark 24. Metric spaces are automatically separated. In addition, for a metric
space, and hence for a metrizable space, all topological notions may be recovered
through sequences. For instance,
e aset C C X is closed if and only if C contains the limit of every converging
sequence in C ;
e a function f is continuous at z if and only if for every sequence (x,)pen con-
verging to z one has lim, o f(z,) = f(x).

A.2 Topological vector spaces

Most of the statements of this course hold when X is a normed space i.e. a vector
space endowed with a norm |||| which endows X with a topology. The closed ball of
radius around a point z is then denoted B(x,r) = {y € X' | ||z — y|| < r}, and the
topology is induced by the metric d(z,y) = || — y||. In particular, the results of this
course can be applied to Hilbert spaces, Banach spaces, and even R

However, it is often the case that our statement hold in the more setting of
(locally convex) topological vector spaces, which is particularly adequate when one
wants to consider weak /weaks* topologies, which are important in some applications.

Definition 33 (Topological vector space). A topological vector space is a vector
space X endowed with a topology 7 which makes the addition of vectors (z,y) €
X%+ 24y € X and the multiplication by a scalar (A\,z) € R x X + Az € X
continuous.

In order to define the continuity of the maps X2 — X and R x X — X, we need
to define a topology on these product spaces, called the product topology.

Definition 34 (Product topology). Let (X7, 71) and (X2, 72) be topological spaces.
A set O C X x Xy is open for the product topology 71 & 7o if for any (x1,x2) € O,
there exists neighborhoods Ny and Ny of 21 and x5 such that Ny x Ny C O.

One can check that if O is an open subset of a topological vector space, then
forall z € X, O+ 2 = {z+y | y € O} is also open. This is because the map
T:y—y—=x, and O+ x =T~ 1(0). In particular, if B is a basis of neighborhood
of the origin, then {B + x | B € B} is a basis of neighborhood at x.

Definition 35 (Locally convex topological vector space). A topological vector space
is called locally convex if the origin admits a neighborhood basis made of convex sets.
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A.3 Continuous linear forms

Definition 36 (Dual space). The topological dual of X is the space of all continuous
linear functions on X, and is denoted X™*.

The elements of X* are denoted with a star, e.g. =* € A", and we denote the
pairing between X* and X using the notation for scalar product, i.e. (z* | x) :=
x*(x), to underline the similarity with the case of Hilbert spaces.

Remark 25. When (X, ||-]]) is a normed vector space, the topological dual X* may
be endowed with the dual norm

[ = sup(z” | z).
reX

One could construct a “strong” topology on X* even when X is not a normed space,

but this will not be necessary in this course.

We recall the following characterization of continuous linear forms on a topolog-
ical vector space, which generalizes a similar criterion for normed spaces.

Lemma 70. (Continuous linear forms) Let ¢ : X — R be a linear form on a
topological vector space (X, o). Then, the following are equivalent
(i) & is continuous,
(ii) ¢ is continuous near the origin (i.e. for all € > 0, there exists an open set O
containing the origin such that |¢| < e on O),
(iii) ¢ is bounded (from above or from below) in a neighborhood of the origin,
(iv) ¢ is bounded (from above or from below) on a non-empty open subset.

Proof. The equivalence between (i) and (ii) (resp. (iii) and (iv)) is obvious, and so is
the implication (ii) = (iii). We therefore only prove the implication (iii) = (ii).
Let w be a neighborhood of the origin such that |¢| < M on w. For any € > 0, define
we = (¢/M)O. Then, w, is open and |¢| < € on w.. This proves the continuity of ¢
at zero. n

Lemma 71. (Closed halfspaces) Let ¢ : X — R be a linear form over a topological
vector space X. Then, the following are equivalent:

(i) & is continuous,

(ii) the set H ={x € X | ¢(x) < a} is closed,
(111) the set H = {x € X | ¢(x) = a} is closed,

Proof. Tf ¢ is continuous, then the halfspace H (resp. hyperplane H') is closed as
the inverse image of (—oo, @] (resp. {a}) under ¢. Conversely, if H is closed (resp.
H' is closed), then ¢ > « on the non-empty open set X' \ H (resp. X\ H'), so that
¢ is continuous by the previous lemma. O

A.4 Weak and weakx* topologies

In many cases, the topology associated with the norm is too fine, in the sense that
it has too few compact sets, making it difficult to to prove existence to optimization
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problems. This is why we will try to define coarser topologies, i.e. topologies with
less open sets and thus more compact sets. One standard way to do this is to start
with a family of maps, and to construct the coarsest (i.e. smallest with respect to
inclusion) topology that makes all these maps continuous.

We will explain the construction of the coarsest topology making a family of
linear forms ) over a vector space X continuous.

Lemma 72. Let X be a vector space and let Y be a vector space of linear forms over
X. Assume that o is a topology over X and that every linear form in Y is continuous
with respect to X. Then, all sets of the following form are open with respect to o:

Ba:,yh...,yN,a = {Z eX | Vi e {17"'7N}’|<yi | Z_IH < 5}7
withx € X, y1,...,yn € Y and € > 0.

Proof. Let y1,...,yny € Y. Then,

YL YN ﬂyz ({yi [ 2) =&, (yi | 2) +€)).

Thus, By y,,...yn.e 15 open with respect to o as a finite intersection of inverse images
of the open sets ((y; | z) — €, (y; | ) + €) under the maps yi,...,yny which we have
assumed continuous with respect to o. O

This lemma suggests the following definition.

Definition 37 (Topology generated by linear forms). Let X be a vector space and
let ) be a vector space of linear forms over X. A set O is open with respect to the
topology generated by ), denoted o(X,)) if for any x € O, there exists y1,...,yn €
Y and € > 0 such that By, . yy.e € O.

The sets By y, ... yy.c are open with respect to o(X,)) (exercise!) and a neigh-
borhood basis of the point = € & for o(X,)) is given by

By ={Bzyi,.une | N €Nyyi,...,yn €Y, and € > 0}.

In some sense, the sets By, . 4y, Play the role of balls for the weak topology.
However, this topology has a rather surprising feature: if X is infinite dimensional,
then any set with non-empty o(X,Y)-interior must contain a set of the above form
and must therefore be unbounded. In particular, in infinite dimension the unit ball
B(0, 1) has empty o(X,Y)-interior.

Proposition 73. Let X be a vector space and let Y be a vector space of linear forms
over X. Then,
(i) (X,0(X,))) is a locally convex topological vector space;
(i) A linear form y: X — R is continuous with respect to the topology o(X,)) if
and only if it belongs to Y;
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Corollary 74. Given a linear form y : X — R and a € R, the hyperplane y~ ()
(resp. the halfspace y~'((—o0,al)) is closed w.r.t. o(X,Y) if and only if y € V.

Remark 26 (Coarsest topology). Lemma [72| shows that if o is a topology on X such
that all the linear forms in ) are continuous, then it contains all the sets of the form
Bayi,..yn.e With y1,...,yn € Y. Thus, any such topology o must contain o(X,)),
implying that (X, )) is the coarsest topology on ) making all the linear forms in
are continuous. (This also means that it has the most compact subsets, or the most
converging sequences...)

Remark 27 (Convergence of sequences). One can show that a sequence (xy,)p>1 of
points of X converges to x € X with respect to the topology of o(X,)) — meaning
that for all neighborhood O of x one has z,, € O for n large enough — if and only if

vyey, lim (y|an) =(y|z).

Proof. (i) The family o(X,)) contains (), is (easily) stable under arbitrary unions,
and is finite under finite intersections because

B g Bx’ylw“vy]\ﬁg N B

! ! 3 ! / .
ZyY1,5--YN Y7 7~~-7vamm(575,) ZTyY1s-Ypnr 751

This proves that o(X,)) is a topology. We will prove that the map S: X x X — X
defined by S(z,y) = x + y is continuous with respect to o(X,)). To see this, take
z,y € X and consider a neighborhood N, of z = S(z,y) = = +y. We want to
prove that there exists neighborhoods N, N, of x and y so that S(N,, Ny) C N..
By definition, the neighborhood N, contains a set of the form B, := B, ,,  yy.e-

Define B, := B%yl,._"yN’%E and By, = By,yh...,y[\;,%a' For any 2’ € B, and y' € By, let
2 =85 y)=a"+vy'). We have
/ 1 / / 1 / /
(il 2 =2) =5 [l 2 +¢ = (@ +o)] < (i | 2" = 2)[ + [{wi [ 2 = 2)]) <,

thus ensuring that 2z’ € B,. In other words, S(B;,By) C B,, and B, and B, are
neighborhoods of z and y respectively: this shows the continuity of S at (z,y). We
would prove similarly that the map P : (\,z) € R x X — Az € X, thus proving
that (X,0(X,))) is a topological vector space. Finally, the space is locally convex
because all the sets B, .y, are convex.

(ii) Let y be a linear form over X and assume that it is continuous with respect to
the topology o(&',)). Thus, there exists a neighborhood N of the origin on which
the linear form y is bounded by 1. By construction of the topology, there exists
Y1,--.,yn and € > 0 such that Boy, . yyv.e © N. Thus, we have

(Vie{l,....,N}, (yile) <e)=[{y )] <1,

which implies in particular that if Ker(y;) N ...Ker(y,) C Ker(y). By a the linear
algebra lemma below, this implies that y € vect(y1,...,yn) C V. O

Lemma 75. Let X be a vector space, and let y1,...,yn,y be linear forms on X such
that Ker(y1) N ... Ker(y,) C Ker(y). Then y € vect(y1,...,yn).
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Proof. Let F : X — RN*! be defined by F(z) = (y(z),y1(x),...,yn(x)). The
assumption implies that the subspace L = F(X) and the point z = (1,0,...,0)
are disjoint. Denoting p € L the orthogonal projection of z on L and p — z =
(A, A1, ..., AN) # 0, the characterization of the orthogonal projection gives

Ve e X, (F(x) | A) =0,
ie. Ay + >, Ay = 0. Moreover, (p | z —p) > 0, giving X # 0. O

Definition 38 (Weak-topology). Let X’ be a topological vector space, and let X'*
be the space of continuous linear forms over X. The topology over X generated by
the linear forms X™*, namely o(X', X*), is called the weak topology.

Remark 28 (Relation to the strong topology). We will call the original topology on
X the strong topology to distinguish it from the weak topology o (X, X*). The sets
By wt,..a%, e, which form a basis of the weak topology, are open with respect to the
original topology. This directly implies that weakly open sets are strongly open,
and similarly that weakly closed sets are strongly closed. Maybe unintuitively, this
also implies that if a function f : X — R is weakly continuous, then it is strongly
continuous (Proof: assume that f is weakly continuous. Then, for any open subset
O of R, the set f~1(0) is weakly open, therefore strongly open. Thus, f is strongly
continuous). The converse implications are false in general, but we will show that
they are true when convexity hypotheses are added (see e.g Proposition .

Definition 39 (Weakx-topology). Let X be a topological vector space, and consider
the canonical injection

it X = X e (f - (2] ).

Thanks to this injection, X' can be identified with the set i(X) of linear forms over
X*. The topology over X* generated by the linear forms i(X) is called the weak
topology and often denoted o(X*, X) := o(X,i(X)).

We refer to [Brel(]) for a more thorough treatment of the weak/weak* topology.

Remark 29 (Weakx and pointwise convergence). A good exercise is to show that a
sequence (z7) of elements of X'* converges to x* with respect to o(X™*, X') (for short

we will say that (z)) weak-x converges to x*) if and only if

Ve e X lim (x| z) = (% | x).

Ll (e 2= (o | )

In plain words, (x})) weak-* converges to «* if only if (x})) converges pointwise to z*,
when these linear forms are seen as functions on X.

Remark 30 (Separation). The space (X*,0(X*, X)) is separated, i.e. Hausdorff.
Indeed, let z*,y* € X* be two distinct linear forms. Then, there exists x € X such
that (z* | ) # (y* | x), for instance (z* | z) < (y* | ). Thus, denoting r =
((z* +y*) | z), the two weak* open sets O_ = {(- | z) <r} and O = {(- | z) > r}
separate the points x* and y*: they are disjoint and z* € O_ and y* € O;..
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Ezample 28 (Measures). Let K C RY be compact and let X = CY(K) be the space
of continuous functions over K. What are examples of linear functionals over X 7
Let u be a finite (Radon) measure over X: then, the functional f € C°(K) — [ fdu
is linear. Conversely, Riesz-Markov’s theorem asserts that any linear functional over
X is induced by a finite (Radon) measure. Thus, in this course, we will define the
space of Radon measures as

M(K) := CO(K)*.
An example of Radon measure is the Dirac mass J, € M(K), defined by

Vo € CO(K)v <5:r: | ¢> = 5x(¢) = ¢(x)

The dual norm on M(K) is called the total variation of the measure p. It is defined
by ||[V|lpy = sup{(v | ¢) | [|¢|l.. < 1}. Note that if z,y are distinct points in K, it
is possible to construct a function ¢ € C°(X) so that ¢(z) = 1 and ¢(y) = —1 and
|6l < 1. Thus,

16 = 8yl = [ 64052~ 8,) = 6(z) — 6(w) = 2.

In other words, even if (x,,) converges to z € K, the Dirac mass d,, does not converge
to 0, with respect to the total variation |-|| . On the other hand,

Vo € CO(X)a (@] 0z,) = (@n) —n—sto00 (¢ ] ),

so that (8., ) weak*-converges to d,, i.e. with respect to the topology o(M(X),C%(X)).
This is an illustration of the fact that the weak-* topology o(M(X),C%(X)) has more
converging sequences, and thus more compact sets as well.

Remark 31 (Continuous linear forms over (X*,o(X*, X))). By Proposition [73] we
know that a linear form over X™* is continuous if and only if is induced by an el-
ement to X, i.e. (X* 0(X* X)) can be identified with X. This implies, for in-
stance, that the dual of the space of measures endowed with its weak+ topology is
(M(K),0(M(K),C°(K)))* ~ C(K), while the dual (M(K), ||-||,)* is a much larger
space and much less understood (there is a book devoted to this topic [Kapll]).

Definition 40 (Separability). A topological space is separable if X contains a count-
able dense subset.

Example 29. Examples of separable spaces include
e the space (C°(X), ||-|l..) of continuous functions over a compact subset X of R?
endowed with the norm of uniform convergence. This is a consequence of the
Stone-Weierstrass theorem, which guarantees that continuous functions over a
compact subset of R? can be uniformly approximated by polynomials ;
e the spaces (¢7,[|-[|,) of p-summable sequences and the spaces (L?(Q), [|-||,,) of

p-integrable functions over a bounded domain of R, for p € [1,+00). Note
that ¢°° and L°°(2) are not separable.
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Theorem 76 (Metrizability of the dual ball). Let X be a separable normed vector
space, and let (zp)n>1 be a dense sequence in X. Then the weakx topology on a
bounded subset S of X* is induced by the distance

=2 2"

n>1

|

(" —y* |

Hwnll

Remark 32. The open sets of the weakx topology on S are of the form O’ =0nN S,
where O is a weak* open sets of X'™*.

Proof. The series defining d(z*,y*) is converging. Indeed, by definition of ||-||,,

* * |

(@ n >\ < llz* = y*|l, < diam().

x
[0l
The symmetry of d, and the triangle inequality are clear. If d(z*,y*) = 0, then for
all x,, we have (z* | ) = (y* | ). Thus, the continuous linear forms x* and y* agree
on the dense subset (z,,)n>1, and therefore they agree on X, i.e. z* = y*.

Let S be a bounded set in A*; we assume that S C B(0*, R) for some R > 0.
Let O’ = ON S be an open set with respect to the distance d. Our goal is to prove
that ON S is also weaks* open. Let x* € ONS: by openness of O with respect to the
distance d, there exists € > 0 such that B(z*,e) C O. For any y*, z* € S, we have
lly* — z*|| < 2R, so that there exists some N € N such that

TIn

[l

IN
l\D.\ ™

Vy*, 2" €S, Z 27"

n>N

)

(" —y" |

If we consider some point z* € SN B then

€
33*7?/17---7va17

Vie{l,...,N}(z" = 2" |y)| <

\_/ klk\(“)

This implies that such a point belongs to the ball B(z*, ¢) because

@ =9 | o ‘ 2

ey, S 1S included in S N B(z*,¢), itself included in
O'. By definition, this implies that O’ is weak* open in S.

To conclude that the weak* and the metric topology agree on .S, we need to prove
that conversely, any weak* open set of S is open with respect to the distance d. The

proof of this fact is similar, and is left as an exercise. O

(" —y" | )| <

d(z*,z") = Z 27"

1<n<N

IIwnII

To summarize, the set SN B

Theorem 77 (Banach-Alaoglu). Let X be a separable normed space. Then, any
bounded sequence in X* admit a weak*-converging subsequence.
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Proof. Let A be a dense countable subset of X. Let (x)) be a bounded sequence
in X*. Then, for all x € A, the sequence ((z} | =))nen is bounded and admits a
converging subsequence. By a diagonal argument, and taking subsequences where
necessary, we can assume that for all z € A there exists f, € R such that
. X L w N
ngg-loo<x” | l‘> - ngr—il-loo .Tn(l’) - fa-

Thus, the sequence of functions z},| , converges pointwise to the function f: A — R
defined by f(x) = f,. By boundedness of the sequence (z), there exists R > 0 such
that ||z} ||, < R for all n € N. Then,

Va,y € X, [z, | z) — (2, [y)] < Rz -y

Passing to the limit as n — 400, this proves that the function f is R-Lipschitz on the
dense set A C X and can therefore be extended uniquely into a R-Lipschitz function
function f : X = R. We will now show that x), converges pointwise to f on X. Let
x be an arbitrary point X', and let € > 0. By density of A, there exists y € A such
that ||z — y|| < 5xe; by convergence of z7,(y) to f(y), there exists N € N such that

forn > N,

~

f) = 239)] < }e. Then,

fla) =~ wp(@)| <

@) = )|+ 1) wa)| + o) - 2n(@)] <.

This shows that lim,,_, o 2% (2) = f(x), and that weak« converges to f. Finally, we
note that a pointwise limit of linear functions is linear to conclude that f € A*. O

Theorem 78 (Banach-Alaoglu). Let X' be a separable normed space. Then, the unit
ball of X* is weakly*—closed.

Proof. The unit ball B of X* is bounded, so that its weak* topology is metrizable by
Theorem [76] Thus, B is weak* compact if and only if it is sequentially weak* com-
pact, i.e. iff any sequence of elements of B admits a weak* converging subsequence.
One concludes by invoking Theorem [77} O

Ezample 30 (Probability measures). Let K be a compact subset of RY, and let
X = C%(K). Then, the dual space X* is the space of Radon measures over K, i.e.
X* = M(K), and its unit ball is

B={pec ME) | |plry <1},

and by Banach-Alaoglu’s theorem, B is weak* compact. Now let M™(K) be the set
of positive measures on K, i.e.

ME(K) = {p € M(K) | Y$ € C°(K),¢ >0 = (] ¢) > 0}.

Then, M*(K) is a weaks* closed set (which is also convex). Thus, the set of proba-
bility measures

PX)={pne MY (K)| (u]1x) =1} = M (K)N B,

is a weakx-compact set.
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We finish by an application of the Banach-Alaoglu theorem to reflexive spaces, a
class of spaces that include Hilbet spaces.

Definition 41 (Reflexive space). A normed space X is reflezive if and only if X**,
the dual space to X'*, can be identified with X, meaning that the canonical injection

1 X = X,
z = (¢ " € X" (2% | x))

is a bijection. In other words, a space X is reflexive if every continuous linear form
on its dual X*, i.e. ¢ : X* — R, can be written under the form ¢(z*) = (z* | x) for
some x € X.

Note that the canonical injection is an isometry, i.e. ||i(z)]| = ||z||. In this course,
it will be sufficient to know a few facts about reflexive spaces, such as

o finite-dimensional spaces are reflexive;

e Hilbert spaces are reflexive;

e LP spaces and Sobolev spaces WP are separable and reflexive for 1 < p < 4o00.

Corollary 79. In a separable and reflexive space, the unit ball is weakly compact.

Proof. We only prove sequential weak compactness.Let K be a bounded closed con-
vex set and let (x,)nen be a sequence of elements of X with ||z,| < 1. We regard
these points as elements of X** through the canonical injection, i.e. x}* := i(x}).
The sequence (z*),en is also bounded (since ||i(z)|| = ||z]|), ensuring by Banach-
Alaoglu’s theorem the existence of a weak*—converging subsequence. Relabeling if
necessary, we may therefore assume that there exists ™ € X™** s.t.

Va* € X*, (x| o) B2 (o | 2.

n

Since the canonical injection is surjective (by reflexivity of X'), there exists some z
such that ** = i(x). The previous convergence then yields

Vot € X% (2 | zn) 22525 (2 | 2),

i.e. (xpn)nen weakly converges to x. Since K is closed and convex, it is sequentially
weakly closed, from which we deduce that = € K. O

B Exercises

B.1 Chapter 2

Exercise 1. Convex hull of union. 1. Given two convex sets K, L, prove that:
conv(KUL)={(1—-a)z+ay | (z,y,a) € K x L x [0,1]}.

2. Given convex sets K1, ..., K,, prove that
conv(K;U...UK,) = Z oz | € Ay and Vi, x; € K; ),
1<i<n

where A, is the unit simplex in R"™.
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Exercise 2. Prove Lemma || when X is a normed space and K contains a ball
B(0,7). What is the continuity modulus of px?

Exercise 3. Prove that the closure of a convex set is convex. Deduce that the closed
convex hull of A is equal to the closure of the convex hull of A.

Exercise 4. Interior of a conver set. 1. Prove that if B,C' C K are subsets of a
convex set K, then (1 —¢)B +tC C K.
2. Deduce that if = belongs to the interior of K and y € K, then [z,y) lies in the
interior of K.
3. Prove that the interior of a convex set is convex.
4. Prove that if K is closed and has non-empty interior, then K is the closure of
its interior.

Exercise 5. Let X = L?([0,1]) and let K = {f > 0 a.e. | f € X'}. Prove that K is
convex and closed and therefore sequentially weakly closed. Write explicitely K as
an intersection of closed half-spaces.

Exercise 6. Discontinuous linear form. Consider X = R[X] the space of polyno-
mials, endowed with the sup-norm (if P = a, X" + ... + ao, then ||P| = max; |a;l),
then the linear form ¢(P) = P’(1) is discontinuous everywhere.

Exercise 7. Mazur’s lemma. Let (z,,)neny be a weakly converging sequence in a
normed space X, with weak limit x. Considering the set K = conv({z, | n € N}),
prove that there exists a sequence y,, of convex combinations of the z,, (i.e. y, € K)
such that y, converges strongly to x.

Definition 42 (Extreme point). Let K C X convex. An extreme point is a point
x € K that cannot be obtained by taking a nontrivial convex combination of points
in K, i.e. thereisno y,z € K\ {z} and o € (0,1) such that x = (1 —a)y + az. The
set of extremal points of K is denoted ext(K).

Exercise 8. Let A C X and K = conv(A). Prove that ext(K) C A.

Exercise 9. Eztreme points and strict convexity of the ball. We recall that a convex
set K is strictly convex if

Ve #y e K,Va e (0,1), (1—-a)x+ay € int(K).

1. Prove that the unit ball in a Hilbert space is strictly convex and that all points
are extreme.

2. Given x € R4, we define ||z||;, = 3",y 7| and [Ju, = maxj<i<q|x|. Are
the unit balls of (R%, ||||;) and (R%,|-||,.) strictly convex ? What are their
extreme points?

3. Same question for X = C%([0,1]) endowed with the sup-norm -], and with
X = LY([0,1]).

Exercise 10. Support functions. Compute the support functions of the following
objects:
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1. a segment [a, b] in RY,
2. a square [0,1]? in R?,
3. the unit simplezx A= {x e R | 3. 2; =1} in X =R%,

Exercise 11. Let (X, ||||) be a normed space and let B be the unit ball of X. Prove
that op coincides with the dual norm ||-||,.

Exercise 12. Hausdorff distance. Let K, L be two compact convex bodies in R,
and consider the unit sphere S = {z € R? | ||z|| = 1}. We denote dg (K, L) the
Hausdorff distance between K and L, i.e.

(s, 2) = (mayenip o~ il maeaip 2~ ).
1. Prove that dg(K,L) = min{e > 0| K C L+ B(0,¢) and L C K + B(0,¢)},
2. Prove that K C L+ B(0,¢) iff o < o + ¢ on S471,

3. Conclude that dp (K, L) = [lokx — oLllo ga-1-

B.2 Chapter 3

Exercise 13. Distance functions. Let K C X, and define di(z) = infpcx ||z — p|| .
1. Prove that if K is convex, then dg is convex.
2. Prove that if X is a Hilbert space, then ||-|* — d% is conve and lsc.
(nb one does not need to assume that K is convex)

Exercise 14. Suppose that f : X — R is convex and satisfies f(z) < L ||z|| for all
x € X. Prove that f is L-Lipschitz.

We recall that a Banach space is a complete normed space. Baire’s theorem
asserts that if (F},)nen is a countable family of closed subsets of a Banach space
X (or more generally of a complete metric space), each with empty interior, then
UnenFpn has empty interior. We use it to deduce a characterization of the continuity
set, of Isc convex functions.

Exercise 15. Let f : X — R be a lower semicontinuous convex function on a Banach
space, and assume that int dom f contains a point x.
1. Assume that x = 0 and that B(0,7) C dom f. Letting

Fo,={y € B(0,r) | max(f(y), f(—y)) < n},

prove that f is bounded on a set with non-empty interior.
2. Conclude that cont f = int dom f.

Exercise 16. Banach-Steinhaus. Let (Ty)aca be a family of continuous linear
operators, T, : X — ) where X and ) are Banach spaces, and define f(z) :=

supae 4 [|Ta(2)]]-
1. Prove that f is convex and lower-semicontinuous.

2one says that d% is semi-concave
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2. We now assume that for all x € X, M, > 0 s.t. sup, ||Ta(z)|| < M. Prove
that f is continuous on X', and locally Lipschitz near the origin.
3. Deduce the existence of M > 0 such that sup, ||To| < M.

Exercise 17. Characterization of support functions. Let o : Y — R be a lower-
semicontinuous sublinear (hence convex) function.
1. Let g(x) = (z* | ) +t be an affine minorant of o. Prove that g(0) = 0.
2. Deduce that o(xz) = sup{(z* | z) | o > (z* | -)}.
3. Prove that if Y = X* and if X* is reflexive, then there exists a convex set
K C X such that 0 = o

B.3 Chapter 4

Exercise 18. Envelope theorem. Let f; € C'(R?) be convex functions satisfying
Vig # i1 € [,Vz € R", Vf; () # V fi, (z) (18)

We define f = max;cs f; the pointwise maximum of these functions, and we assume
that the maximum is attaine at any = € R%.
1. Prove that if I is finite, then f is differentiable almost everywhere.
(Hint: invoke the implicit function theorem.)
2. In the general case, consider the set

A={z R |3ig £ir € I, f(z) = fi(@) = i (@)}

Prove that if = belongs to A, then f is not Gateaux-differentiable at x.
3. Deduce that f that for almost every = € R?, f is differentiable at  and there
exists a unique i, € I s.t. f(z) = f;, () and Vf(z) = Vf;, (x).

Exercise 19. Simplez. Let f : R? — R be defined by f(z1,...,14) = max(z1,...,zq).
Prove that 0f(0) = {zx € R | 2y + ...+ x4 = 1 and Vi, z; > 0}.

Exercise 20. Fuilure of subdifferential sum rule. Let A = B((0,0),1), B = B((0,2),1)
bet closed balls in R?, and f = i4, g = ip. Compute the subdifferentials 0 f(x), dg(x)
and O(f + g)(x) at = = (0,1).

Exercise 21. Characterization of convezity. Let f : X — R be a proper function so
that for all x € dom f, the subdifferential Jf(x) is non-empty.

1. Prove that f is equal to the supremum of its affine minorants.

2. Deduce that f is convex lsc.

3. Conversely, prove that if f: R? — R is convex then df(z) # 0 for all 2 € R?

Exercise 22. Subdifferential sum rule. Prove using support functions (see Re-
mark that O(f + g)(x) = 0f(x) + Og(x) when z € cont f N cont g.

Exercise 23. Fzact penalization using distance. Let K be a closed non empty
convex subset of a Hilbert space X'. We will consider subdifferentials, normal cones,
etc. as subsets of X ~ A",
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1. Show that dig(p) = {v € X | Vg € K, (v | p) > (v | ¢)}. Using the
characterization of the orthogonal projection on K, prove that

dik(p) ={v € E; pk(p+v)=np}. (19)

2. Application: Let f: X — R be convex and continuous. Prove that p € K if a
minimizer of

i () (20)

iff there exists w € Jf(p) such that px(p — w) = p. (Indication: use the
subdifferential sum rule.)

3. We now prove that if p € K and v € Nor, K = ik (p) then v/ ||v|| € ddk(p),
or equivalently that

Vo € X, dg(z) > dr(p) + <ﬁ z—p). (21)

a. Prove that holds if (v | z) < (v | p).
b. Let x ¢ H:={z € X | (v]|p > (v] )}, and define xyg = projy(z).
Prove that xy = x — (ﬁ | x —p)ﬁ.
c. Using K C H, prove that dg(x) > du(x) = ||z —zg| = <”T”” | x — p),
and deduce that v/ ||v|| € 0dk.
4. Application: Let p € K be a minimizer of (20).
a. Prove that there exists w € 9f(p) such that —w € dig(p), so that

0 € d(f + ||w|| dg ) (D).

b. Deduce the existence of A > 0 such that p minimizes the penalized problem

i Ad .

min f(p) + Adxk (p)

Exercise 24. Limiting subdifferential, Ezam 2020. Let f € C°(R™) be convex.
1. Fix a point z € R", and define K = convS where

S = {s € R" |z, — x, s.t. f is differentiable at z,, and ILm Vf(zy) = 3}.

a. Prove that S C df(z) and K C 0f(x).
The goal of the next questions is to prove the converse inclusion.

b. Fix some vector v € R™. Prove that for all ¢,, = 1/n, there exists v, € R"
such that ||v, — v|| < ¢, and such that f is differentiable at z,, = x +t,v,.

c. Prove that, taking a subsequence if necessary, one can assume that V f(z,,)
converges to a vector s € S. Show that f*(z,v) < (s |v).

d. Deduce that f*(z,v) < ox(v) where ok is the support function of K.
Conclude that 0f(z) C K.

2. Application. Assume there exists G € C°(R?, R%) such that Vo € R", G(x) €
df(z). Prove that f belongs to C1(R") and that Vf = G.

subdifferential of TV norm
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B.4 Chapter 5
Exercise 25. Let X = X] & Aj, whgre X1, Xy are two closed subspaces, let f; €
[o(X;) and f = f1 @ fo, 1e. f: X — Ris defined by
V(z1,72) € X1 & X2 — fi(z1) + fa(z2).
Prove that Prox,s(z1 + x2) = Prox,y, (z1) + Prox, s, (x1).

Exercise 26. Let f € I'g(X) be coercive, let T' = Proxy and define z,, 41 = T ().
1. Prove that Vz € X, f(z) > f(zpt1) + %(:c — Tpt1 | Tn — Tpt1)-
2. Using this inequality,
(i) prove that (f(x,))nen is decreasing and that (z,,)nen is bounded;
(ii) prove that any weak cluster point of (x,)nen minimizes f globally;
(Hint: use that limy, oo [|[Tn41 — @n|| = 0, as in Theorem [60})
3. Deduce that (x,)nen is @ minimizing sequence.
4. Conclude that if f is strictly convex, the sequence (zy)nen converges weakly
to the unique minimizer of f.

B.5 Chapter 6
Exercise 27. Convez cones. Let K be a non-empty convex cone (i.e. for all z € K
and A > 0, Az € K) and let K* C X be its polar of K

K*={z*e€ X" |Vx e K,(z* | z) <0}

1. Prove that if f =ig, then f* =ig+ and that 0f(0) = K*.

2. Prove that K** = {z € X | Va* € K*, (z* | ) < 0} is closed, convex, and
contains K.

3. Prove that if K is a closed convex cone, then K** = K.

4. Assume that X is a Hilbert space, let K be a closed convex cone, K* C X ~ X*
be its polar. Prove that

Ve e X, x=projg(z)+ projg-(x).

Exercise 28. Strong convexity and subdifferential. Let X be a Hilbert space. A
function f : X — R is called a-strongly convex if it satisfies one the following
equivalent conditions:

Va,y € dom(f),V\ € [0,1],
%)\(1 Nz —yl?+ (A= Nz +dy) < A= Nf(x)+Afy)  (22)

Vg € X, fa :xeXHf—%Hx—onz is convex (23)
1. Assume that f € I'g(X) is a-strongly convex and let v € df(xp). Prove that
a
0€d(f=5 Il =] ) (o),

and deduce that Yz € X, f(z) > f(xo) + (v |z —x0) + § ||z — zol% .

71



2. Prove that for all zg,y9 € X, v € df(x0) and Yw € 0f(yo) one has

allzo = yol| < v —wl[.

w

Deduce that the same inequality holds if xp € 0f*(v) and yo € O f*(w).
4. Let D ={v e X | df*(v) # 0}. Prove that f* is Gateaux-differentiable on D,
and that the application v € D — V f*(v) is (1/«a)-Lipschitz.

Exercise 29. Moreau-Yosida regularization. Let X be a Hilbert space and f €
Fo(X). Given 7 > 0, define the Moreau-Yosida regularization of f as

1
fr(w) = inf f(2) + o~ llo — ||

1. Prove that f, is convex, finite everywhere, and bounded on every bounded
subset of X.

2. Prove that f; is continuous and that df.(x) # 0 for all z € X.

3. Prove that f. = (f* + g*)* where g(z) = & ||

4. Using the previous exercise, deduce that f, is Gateaux-differentiable at all
x € X and that V f; is 7-Lipschitz.

5. Prove that f. converges pointwise to f as 7 — 0.

6. Prove that Prox f(z) = o — 7V f-(2).
(Hint: Let p = Prox,¢(x), and prove that “=2 € 0f-(x) using the equality case
in Fenchel-Young’s inequality.)

This last question shows that the proximal point algorithm can be interpreted as
“usual” gradient descent for the Moreau-Yosida regularization.

For the next exercise, recall that a measure on a compact set X is a linear form
p: C°(X) — R which is continous for the topology induced by the sup-norm ||| .
The space of measures is denoted

M(X) = (€°(X))".

A measure u is non-negative if Vf € CO(X),(f > 0 = u(f) > 0). Finally, a
probability measure on X is a non-negative measure p such that [|u||p, = 1. The
space of non-negative measures is denoted M, (X), and the space of probability
measures is P(X).

Exercise 30. Kantorovich Duality. Let X,Y be two compact sets, let u be a proba-
bility measure on X, let v be a probability measure on Y and finally let ¢ € CO(X xY).
Define a linear form A : C%(X) x CO(Y) — C%(X x Y) by A(¢,) = ¢ ® 1) where

pDY:(z,y) € X XY = ¢(x) +¥(y).

We consider the following optimization problem

Pi=inf{— ({1 | 6) + (v | 0)) | (6,0) € CUX) x COY), 6 @ < c}.
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1. Prove that P = inf(¢7¢)eC0(X)XCO(y) f(A(¢, w)) + g(gf), 1/1), where

0 ifo<e

f:oeC(X xY) = )
400 otherwise,

g: () e EXF = —=((ul| o)+ {v|¢)

2. Prove that f* and g* are given by:

YyEMX XY)iv—= =
fro ( ) {—i—oo otherwise

0 if (k,A\) = —(p,v)

+o0o  otherwise

g (K, ) € M(X) x M(Y) — {

3. Let v € M(X xY). The marginal of v on X is the measure lIxy € M(X)
defined by Ty~ : ¢ € C%(X) = v(¢®0). The marginal on Y is defined similarly.
Prove that the adjoint A* of « is given by

A*(v) = (Hxy, Hyy) € M(X) x M(Y).
4. Deduce from Fenchel-Rockafellar that P = D where

e =9 (=A%) = ()

=max{—(y]|c) | 7€ M4(X xY)s.t. lIxy=vr and IIyy = v}.

This duality formula is due to Leonid Kantorovich, and is one of the most important
results in the theory of optimal transport.
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